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THEOREMS IN RECTANGULAR COMPLEX-VALUED METRIC

SPACES FOR FOUR MAPPINGS

FAISAL MAHMOOD, MUMTAZ ALI, ABDULLAH SHOAIB

Abstract. In this article, some theorems related to the common fixed point of
four mappings in the setting of rectangular complex-valued metric spaces are

proved. The main concern is the extension, generalization and improvement

of some fixed point theorems in the present literature on metric fixed point
theory for weakly compatible mappings.

1. Introduction

A number of authors generalized the classical Banach [7] contraction mapping
theorem to obtain fixed point results in terms of various metric spaces, see [14, 19,
20, 21, 22, 26, 29, 30]. Azam et al. [4] generalized Banach contraction mapping
theorem by introducing the notion of complex-valued metric and mentioned some
important points for existence of common fixed points of a pair of mappings satisfy-
ing a contractive condition. Their research is further extended in different ways see,
[3, 5, 8, 9, 10, 12, 17, 27, 28]. Gerald Jungck [15] introduced the idea of compatible
mappings which is the generalization of the commuting mappings [32]. Their fixed
point results are generalized by many authors, see [1, 2, 24, 25]. Recently, Sintu-
navarat et al. [33] proved a common fixed theorem for weakly compatible mappings
in complex-valued metric spaces. Also for more concepts in this direction, we refer
to [10, 11, 13, 18, 23] and references therein.

Recently, Azmi et al. [6] established some concepts on complex-valued controlled
rectangular metric spaces, Hossaini et al. [16] introduced some results which are
related to complex-valued like metric spaces and Singh et al. [31] found a few com-
mon fixed point results for two pairs of weakly compatible mapping with rational
type terms in complex-valued rectangular (generalized) metric spaces that satisfy
contractive condition.

This paper’s objective is to continue with the concept of weakly compatible
mappings and to generalize results in the available literature, especially the result
of Azam et al. [4]. We demonstrate a few common fixed point theorems in the
context of rectangular complex-valued metric spaces for four weakly compatible
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mappings without using the idea of continuity. We recall some definitions that will
be needed in our subsequent discussion.

2. Preliminaries

Define a partial order relation � on C, here C is a set of complex number, then
we say that (z1, z2) ∈� if and only if real part of z1 is less or equal to the real
part of z2 and imaginary part of z1 is less or equal to the imaginary part of z2. We
denote (z1, z2) ∈� by z1 � z2.

Definition 2.1. [4] Let d : X ×X → C, X be a non-empty and � be the above
mentioned partial order relation on C. If the following conditions hold:

(i) 0 � d (x1, y1) ∀ x1, y1 ∈ X and d (x1, y1) = 0 if and only if x1 = y1;
(ii) d (x1, y1) = d (y1, x1) ∀ x1, y1 ∈ X;
(iii) d (x1, y1) � d (x1, z1) + d (z1, y1) ∀ x1, y1, z1 ∈ X.
Then d is known as a complex-valued metric on X and the triplet (X,�, d) is

known as a complex-valued metric spaces.
Example 2.2. Let Y = C and C be a nonempty set and it is a set of complex

numbers. Define d : C× C→ C by

d(z1, z2) = |a1 − a2|+ i|b1 − b2|.
Here z1 = a1 + ib1 and z2 = a2 + ib2. The (C, d) is a complex-valued metric space.

Definition 2.3. [31] Let d : X ×X → C, X be a nonempty set and � be the
above mentioned partial order relation on C. If,

(i) 0 � d (x1, y1) ∀ x1, y1 ∈ X and d (x1, y1) = 0 if and only if x1 = y1;
(ii) d (x1, y1) = d (y1, x1) ∀ x1, y1 ∈ X;
(iii) d (x1, y1) � d (x1, z1) + d(z1, w1) + d (w1, y1) ∀ x1, y1 ∈ X and all distinct

points z1, w1 ∈ X − {x1, y1} .
Then d is known as a complex-valued rectangular metric spaces on X and the

triplet (X,�, d) is known as a rectangular complex-valued metric spaces.
Example 2.4. Let Y = {2 + i,−2 + i,−2− i, 2− i}. Define d : Y × Y → C as

d(2 + i,−2 + i) = d(−2 + i, 2 + i) = 3eiθ;

d(2 + i, 2 + i) = d(−2 + i,−2 + i) = d(−2− i,−2− i) = d(2− i, 2− i) = 0;

d(−2 + i,−2− i) = d(−2− i,−2 + i) = d(2 + i,−2− i) = d(−2− i, 2 + i) = eiθ;

d(2 + i, 2− i) = d(2− i, 2 + i) = d(−2 + i, 2− i) = d(2− i,−2 + i)

= d(−2− i, 2− i) = d(2− i,−2− i) = 4eiθ.

Then d is known as rectangular complex-valued metric on Y and (Y, d) is known
as rectangular complex-valued metric spaces. Note that θ ∈ [0, π/2], otherwise it is
not rectangular complex-valued metric spaces.

Definition 2.5. [4] A sequence in {wr} is called convergent to some w in a
complex-valued metric spaces (X,�, d) if for arbitrary z ∈ C such that 0 � z and
0 6= z implies the existence of a n, where n be a natural number, such that d (wr, w)
� z for all r ≥ n or |d (wr, w)| → 0 as r →∞. {wr} is said to be a Cauchy sequence
if for arbitrary z ∈ C such that 0 � z and 0 6= z implies the existence of a n such
that d (wr, we) � z for all r, e ≥ n or |d (wr, we)| → 0 as r, e → ∞. (X,�, d) is
complete if each Cauchy sequence is convergent to some w in X.

Definition 2.6. [15] Let M,V : A→ A. Then u ∈ A is a
(i) fixed point of M if Mu = u.
(ii) coincidence point of M and V if Mu = V u.
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(iii) common fixed point of M and V if Mu = V u = u.
Definition 2.7. [11] Consider (X,�, d) be a complex-valued metric spaces. Two

self mappings h and k are said to be weakly compatible if hkx = khx whenever
hx = kx, that is, at coincidence points they commute.

Definition 2.8. Let A1, B1 and S, T : Y → Y be such that A1 (Y ) ⊆ T (Y ) and
B1 (Y ) ⊆ S (Y ) . Suppose for any x0 ∈ Y , x1 ∈ Y is chosen so that Tx1 = A1x0
and for x1 ∈ Y , x2 is chosen such that Sx2 = B1x1. Continuing in this way, a
sequence {yn} in Y is defined by the relations{

y2n = A1x2n = Tx2n+1 and
y2n+1 = B1x2n+1 = Sx2n+2 ∀ n ≥ 0,

and is called {A1TB1S} sequence of x0 in Y .

3. Common Fixed Point Results

Here to start our main findings we require the following lemma which is an
extension of the lemma proved in [4].

Lemma 3.1. Let (W,�, d) be a complete complex-valued rectangular metric
spaces and let A,B, S and T : W → W satisfying A (W ) ⊆ T (W ) and B (W ) ⊆
S (W ). Suppose {wn} is {ATBS} sequence of x0 in W . If there exists η ∈ (0, 1)
such that

d (wn, wn+1) � ηd (wn−1, wn) for all n ∈ N, (3.1)

then the pairs {A,S} and {B, T} have coincidence points and the sequence {wn}
in W is a Cauchy sequence. Further, if W is complete implies that the sequence
{wn} converges to a point u ∈W .

Proof Suppose there exists an integer n which is positive such that wn = wn+1

or w2n−1 = w2n. Then by Definition 2.8, we have Bx2n−1 = Sx2n = Ax2n =
Tx2n+1. So the pair of mappings {A,S} have coincidence point x2n and by (3.1) ,
we have

|d (w2n, w2n+1)| ≤ η |d (w2n−1, w2n)| = 0.

Hence, w2n = w2n+1 implies Ax2n = Tx2n+1 = Bx2n+1 = Sx2n+2 and the pair
{B, T} have coincidence point x2n+1. Continuous repetition of process in (3.1)
yields us

w2n−1 = w2n = w2n+1 = ... = u (say),

and so {wn} converges in W . Next, suppose wn 6= wn+1 for all n ∈ N. Then by
(3.1) for all n ∈ N

d (wn, wn+1) � ηnd (w0, w1) .

This implies

|d (wn, wn+1)| ≤ ηn |d (w0, w1)| as n,m→∞. (3.2)

Consider n,m ∈ N having m > n. Now, if m = n+ 1, then inequality (3.2) implies

lim
n,m→∞

|d (wn, wm)| ≤ lim
n→∞

ηn |d (w0, w1)| = 0.
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Hence, {wn} is a Cauchy sequence in this case. Now, if m > n+ 2, then

d (wn, wm) � [d (wn, wn+1) + d (wn+1, wn+2) + d (wn+2, wm)]

� d (wn, wn+1) + d (wn+1, wn+2) + d (wn+2, wn+3)

+d (wn+3, wn+4) + d (wn+4, wm)

� ηnd (w0, w1) + ηn+1d (w0, w1) + ηn+2d (w0, w1) + ηn+3d (w0, w1)

+ηn+4d (w0, w1) + .......

� ηn−1ηd (w0, w1) + ηn−1η2d (w0, w1) + ηn−1η3d (w0, w1) + ηn−1η4d (w0, w1)

+ηn−1η5d (w0, w1) + .......

� ηn−1d (w0, w1) (η + η2 + η3 + η4 + .....)

� ηn−1d (w0, w1) [
η

1− η
]

Taking n,m→∞, we obtain

lim
r,m→∞

|d(wn, wm)| = 0.

Hence, {wn} is a Cauchy sequence in this case. Now, if m = n+ 2, then, we get

d (wn, wn+2) � d (wn, wn+1) + d (wn+1, wn+3) + d (wn+3, wn+2)

� d (wn, wn+1) + [d (wn+1, wn+2) + d (wn+2, wn+4) + d (wn+4, wn+3)] + d (wn+3, wn+2)

� d (wn, wn+1) + d (wn+1, wn+2) + [d (wn+2, wn+3)

+ d(wn+3, wn+5) + d(wn+5, wn+4)] + d (wn+4, wn+3) + d (wn+3, wn+2)

� d (wn, wn+1) + d (wn+1, wn+2) + d (wn+2, wn+3)

+ [d(wn+3, wn+4) + d(wn+4, wn+6) + d (wn+6, wn+5)]

+ d(wn+5, wn+4) + d (wn+4, wn+3) + d (wn+3, wn+2)

� d (wn, wn+1) + d (wn+1, wn+2) + d (wn+2, wn+3) + d(wn+3, wn+4)

+[d(wn+4, wn+5) + d(wn+5, wn+7) + d (wn+7, wn+6)]

+ d (wn+6, wn+5) + d(wn+5, wn+4) + d (wn+4, wn+3) + d (wn+3, wn+2)

� [d (wn, wn+1) + d (wn+1, wn+2) + d (wn+2, wn+3) + d(wn+3, wn+4) + ....]

+[d (wn+3, wn+2) + d (wn+4, wn+3) + d (wn+5, wn+4) + d(wn+6, wn+5) + ...].

Now, we have

d (wn, wn+2) � [ηnd(w0, w1) + ηn+1d(w0, w1) + ηn+2d(w0, w1) + ....]

+[ηn+2d(w0, w1) + ηn+3d(w0, w1) + ηn+4d(w0, w1) + ....]

� [ηn−1ηd(w0, w1) + ηn−1η2d(w0, w1) + ηn−1η3d(w0, w1) + ....]

+[ηn+1ηd(w0, w1) + ηn+1η2d(w0, w1) + ηn+1η3d(w0, w1) + ....]

� ηn−1d(w0, w1)[η + η2 + η3 + η4 + .....]

+ηn+1d(w0, w1)[η + η2 + η3 + η4 + .....]

� ηn−1d (w0, w1) [
η

1− η
] + ηn+1d (w0, w1) [

η

1− η
].

Letting n,m → ∞, we obtain lim
n,m→∞

|d(wn, wm)| = 0. Hence, {wn} is a Cauchy

sequence in all cases. Now, as W is complete, there exists u ∈ W , such that
wn → u. Hence proof of the lemma is completed.
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Theorem 3.2. Consider (X,�, d) be a complete rectangular complex-valued
metric spaces and A,B, S and T : X → X , if

(i) A (X) ⊆ T (X) , B (X) ⊆ S (X) ,
(ii) one of A (X) , B (X) , S (X) or T (X) is a complete subspaces of X and
(iii) for all x, y ∈ X,

d (Ax,By) � λ (ABST )(x,y) , (3.3)

where λ ∈ (0, 1) and

(ABST )(x,y) ∈
{
d (Sx, Ty) , d (Ax, Sx) , d (By, Ty) , d(Ax,Ty)+d(By,Sx)2

}
. (3.4)

Then the mappings A,B, S and T have a point of coincidence which is unique.
Furthermore, if {A,S} and {B, T} are weakly compatible, then mappings A,B, S
and T have a unique common fixed point in X.

Proof Let x0 ∈ X be arbitrary. Since A (X) ⊆ T (X) and B (X) ⊆ S (X), we
take sequences {xn} and {yn} in X as follows

y2n+1 = Ax2n = Tx2n+1 and y2n+2 = Bx2n+1 = Sx2n+2 ∀ n ≥ 0,

By (3.3), we obtain

d (y2n+1, y2n+2) = d (Ax2n, Bx2n+1) � λ (ABST )(x2n,x2n+1)
,

where

(ABST )(x2n,x2n+1)
∈{

d (Sx2n, Tx2n+1) , d (Ax2n, Sx2n) , d (Bx2n+1, Tx2n+1) ,
d(Ax2n,Tx2n+1)+d(Bx2n+1,Sx2n)

2

}

=

{
d (y2n, y2n+1) , d (y2n+1, y2n) , d (y2n+2, y2n+1) ,

d(y2n+1,y2n+1)+d(y2n+2,y2n)
2

}
. (3.5)

From (3.5), we have the following possibilities.
(i) (ABST )(x2n,x2n+1)

= d (y2n, y2n+1) ,

(ii) (ABST )(x2n,x2n+1)
= d (y2n+1, y2n+2) ,

(iii) (ABST )(x2n,x2n+1)
= d(y2n+2,y2n)

2 .

Now, if we have (i) , then

d (y2n+1, y2n+2) � λd (y2n, y2n+1) .

Now, if we have (ii) , then

d (y2n+1, y2n+2) � λd (y2n+1, y2n+2) ,

which gives us y2n+1 = y2n+2. Now, if we have (iii) , then

d (y2n+1, y2n+2) � λ

2
d (y2n, y2n+1) +

λ

2
d (y2n+1, y2n+2) .

From the last inequality, we get

d (y2n+1, y2n+2) � λd (y2n,y2n+1) .

Similarly,

d (y2n, y2n+1) � λd (y2n−1, y2n) .

Now, for all n ∈ N, we can write

d (yn+1, yn+2) � λd (yn, yn+1) .
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by Lemma 3.1, we have y ∈ X such that {yn} → y. Furthermore, the subsequences
{Sx2n+2} = {Bx2n+1} = {y2n+2} and {Tx2n+1} = {Ax2n} = {y2n+1} of {yn} also
converges to the same point y. Consider T (X) is a complete subspaces of X, there
exist u ∈ X such that Tu = y. If Bu 6= y, so by the conditions (3.3) and (3.4) , we
get

d (Ax2n, Bu) � λ (ABST )(x2n,u)
, (3.6)

where

(ABST )(x2n,u)
∈
{
d (Sx2n, Tu) , d (Ax2n, Sx2n) , d (Bu, Tu) ,

d(Ax2n,Tu)+d(Bu,Sx2n)
2

}
Taking limit as n→∞, yields

lim
n→∞

(ABST )(x2n,u)
∈

{
d (y, y) , d (y, y) , d (Bu, y) ,

d (y, y) + d (Bu, y)

2

}
=

{
0, 0, d (Bu, y) ,

d (Bu, y)

2

}
.

Now, we have the following possibilities.
(iv) lim

n→∞
(ABST )(x2n,u)

= 0,

(v) lim
n→∞

(ABST )(x2n,u)
= d (Bu, y) ,

(vi) lim
n→∞

(ABST )(x2n,u)
= d(Bu,y)

2 .

By taking limit as n→∞ in (3.6) gives us d (y,Bu) � 0 or d (y,Bu) � λd (Bu, y)
or d (y,Bu) � 1

2λd (Bu, y) and these all implies that d (y,Bu) = 0 and so y = Bu.
This implies that Tu = y = Bu. Since, the pair of self mappings {B, T} is weakly
compatible, we have BTu = TBu⇒ By = Ty. If y 6= By, then by (3.4), we get

d (Ax2n, By) � λ (ABST )(x2n,y)
, (3.7)

where

(ABST )(x2n,y)
∈
{
d (Tx2n, Ty) , d (Ax2n, Tx2n) , d (By, Ty) ,

d(Ax2n,Ty)+d(By,Tx2n)
2

}
,

By taking limit as n→∞, we get

lim
n→∞

(ABST )(x2n,y)
∈
{
d (y, Ty) , d (y, y) , d (By, Ty) ,

d (y, Ty) + d (By, y)

2

}
,

By using Ty = By , we get

lim
n→∞

(ABST )(x2n,y)
∈ {d (y,By) , 0, 0, d (y,By)} ,

Now, (3.7) implies after applying limit as n→∞

d (y,By) � λd (y,By) or d (y,By) � 0,

In either case, we have d (y,By) = 0 or By = y. Therefore, By = Ty = y. Since,
B (X) ⊆ S (X) , there exists v ∈ X such that Sv = y. If Av 6= y, then by using



80 F. MAHMOOD, M. ALI, A. SHOAIB

(3.3) and (3.4) we get

d (Av,By) � λ (ABST )(v,y) ,

(ABST )(v,y) ∈
{
d (Sv, Ty) , d (Av, Sv) , d (By, Ty) ,

d(Av,Ty)+d(By,Sv)
2

}
=

{
d (y, y) , d (Av, y) , d (y, y) ,

d (Av, y) + d (y, y)

2

}
=

{
0, d (Av, y) , 0,

d (Av, y)

2

}
It follows the possibilities.

(i) d (Av, y) � 0.
(ii) d (Av, y) � λd (Av, y) or (iii) d (Av, y) � λ

2 d (Av, y) . Either of the above
cases imply that

d (Av, y) = 0 or y = Av.

As A and S which are weakly compatible, we obtain ASv = SAv or Ay = Sy.
Lastly, if Ay 6= y, then (3.3) and (3.4), gives us

d (Ay, y) = d (Ay,By) � λ (ABST )(y,y) ,

(ABST )(y,y) ∈
{
d (Sy, Ty) , d (Ay, Sy) , d (By, Ty) , d(Ay,Ty)+d(By,Sy)2

}
,

=
{
d (Sy, y) , d (Ay, Sy) , d (y, y) , d(Ay,y)+d(y,Sy)2

}
,

=
{
d (Ay, y) , d (Ay,Ay) , d (y, y) , d(Ay,y)+d(y,Ay)2

}
,

= {d (Ay, y) , 0, 0, d (y,Ay)} .

It follows that d (Ay, y) � λd (Ay, y) or d (Ay, y) � 0. Hence, d (Ay, y) = 0 and
Ay = y. Thus, Ay = By = Sy = Ty = y. So, y is common fixed point of A,B,S
and T

Uniqueness: For uniqueness, suppose y1.y2 are two common fixed points of
A,B, S and T such that y1 6= y2.We establish that y1 = y2. By x = y1 and y = y2
in (3.3) and (3.4) ,

d (y1, y2) = d (Ay1, By2) � λ (ABST )(y1,y2) ,

(ABST )(y1,y2) ∈
{
d (Sy1, Ty2) , d (Ay1, Sy1) , d (By2, Ty2) ,

d(Ay1,Ty2)+d(By2,Sy1)
2

}
= {d (y1, y2) , d (y1, y1) , d (y2, y2) , d (y1, y2)} .

It follows that d (y1, y2) � λd (y1, y2) or d (y1, y2) � 0 which is a contradiction, so
our supposition is wrong and y1 = y2.

Corollary 3.3. Let (X,�, d) be a complex-valued rectangular metric spaces
and let self mappings A,B, S and T : X → X satisfying the conditions:

(i) A (X) ⊆ T (X) , B (X) ⊆ S (X) and for some m,n ≥ 1,
(ii) One of A (X) , B (X) , S (X) or T (X) is a complete subspaces of X,
(iii) For every x, y ∈ X.

d (Amx,Bny) � λ (AmBnSmTn)(x,y) ,
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where λ ∈ (0, 1) and

(AmBnSmTn)(x,y) ∈
{
d (Smx, Tny) , d (Amx, Smx) , d (Bny, Tny) ,

d(Amx,Tny)+d(Bny,Smx)
2

}
,

Then the point of coincidence of mappings A,B, S and T will be unique. Further-
more, if {Am, Sm} and {Bn, Tn} are weakly compatible, then mappings A,B, S
and T have a unique common fixed point in X..

Corollary 3.4. Consider (X,�, d) be a rectangular complex-valued metric
spaces and let self mappings A,B, S, T : X → X such that A (X) ⊆ T (X) and
B (X) ⊆ S (X) and satisfy the inequality

d (Ax,By) � λd (Sx, Ty) ,

for x, y ∈ X and λ ∈ (0, 1) is a nonnegative real number. If one of A (X) , B (X) ,
S (X) or T (X) is a complete subspaces of X and the pairs {A,S}and {B, T} are
weakly compatible. Then mappings A,B, S and T have a unique common fixed
point in X.

Example 3.5. Consider X = [0, 2] with rectangular complex-valued metric
given by d : X : X → C and is defined by d (x, y) = i |x− y| for all x, y ∈ X. Then
the self mappings A,B, S and T on X are given by

A (x) =

{
4
3 if 0 ≤ x < 2
2 if x = 2

, B (x) =

{
4
3 if 0 ≤ x ≤ 4

3
2 if 4

3 < x ≤ 2

S (x) =


0 if 0 ≤ x < 2

3
1 if x = 1
4
3 if 1 < x ≤ 4

3
2 if 4

3 < x ≤ 2

, T (x) =


4
3 if 0 < x ≤ 4

3
2 if x = 2
9
5 if 2 < x ≤ 4

3
0 if 4

3 < x ≤ 2

Obviously, A (X) ⊆ T (X) and B (X) ⊆ S (X). Further, the pairs {A,S} and
{B, T} are weakly compatible and satisfy conditions (3.3) and (3.4) of Theorem 3.2
with 4

3 as the unique common fixed point of A,B, S and T in X.
Theorem 3.6. Let (X,�, d) be a rectangular complex-valued metric spaces and

let self mappings A,B, S, T : X → X of X into itself such that
(i) A (X) ⊆ T (X) and B (X) ⊆ S (X) ,
(ii) one of A (X) , B (X) , S (X) or T (X) is a complete subspaces of X,
(v) the pairs {A,S} and {B, T} are weakly compatible and for all x, y ∈ X

satisfy the inequality

d (Ax,By) � α1d (Sx, Ty) + α2d (Ax, Sx) + α3d (By, Ty) +
α4(d (Ax, Ty) + d (By, Sx)),

(3.8)

where α1, α2, α3, α4 ∈ (0, 1) and satisfy α1 + α2 + α3 + 2α4 < 1, then A, B,S and
T have a unique common fixed point in X.

Proof Let x0 ∈ X be arbitrary. We construct sequences {xn} and {yn}of points
in X like in the proof of Theorem 3.2, we have

d (y2n+1, y2n+2) = d (Ax2n, Bx2n+1)
� α1d (Sx2n, Tx2n+1) + α2d (Ax2n, Sx2n) + α3d (Bx2n+1, Tx2n+1) +

α4 (d (Ax2n, Tx2n+1) + d (Bx2n+1, Sx2n)) ,
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and is equivalent to

d (y2n+1, y2n+2) � α1d (y2n, y2n+1) + α2d (y2n+1, y2n) +
α3d (y2n+2, y2n+1) + α4 (d (y2n+1, y2n+1) + d (y2n, y2n+2))
� α1d (y2n, y2n+1) + α2d (y2n,y2n+1) + α3d (y2n+1, y2n+2) +

α4d (y2n, y2n+1) + α4d (y2n+2, y2n+1)
(α1 + α2 + α3 + α4) d (y2n+1, y2n+2) � α4d (y2n, y2n+1) ,

d (y2n+1, y2n+2) � α4

[1−(α1+α2+α3+α4)]
d (y2n, y2n+1) ∀n = 1, 2, 3, ...

or

d (y2n+1, y2n+2) � ηd (y2n, y2n+1) ,

where η = α4

[1−(α1+α2+α3+α4)]
< 1. It follows from Lemma 3.1 that {yn} is a Cauchy

sequence in X and the proof lines of the theorem are the same as Theorem 3.2.
The proof of the theorem is completed.

The following example illustrate the validity of Theorem 3.6.
Example: 3.7. LetX = [3, 18) and d : X×X → C defined by d (x, y) = i |x− y|

for every x, y ∈ X and define the self mappings A,B, S, T : X → X by

A (x) =

{
3 if x = 3, x ≥ 7
7 if 3 < x < 7

, B (x) =

{
3 if x = 3, x ≥ 7
8 if 2 < x < 7

S (x) =

 3 if x = 3
11 if 3 < x < 7
x−1
2 if x ≥ 7

, T (x) =

 3 if x = 3
15 if 3 < x < 7
x− 6, x ≥ 7

Now, we see that the pairs {A,S} and {B, T} are weakly compatible. Since, A3 =
S3 = 3 and B3 = T3 = 3. Hence {A,S} and {B, T} have coincidence point in X.
Also, AS3 = SA3 = 3 and AT3 = TA3 = 3. Now, A (X) = [3, 7] ⊆ [3, 11]∪ {15} =
T (X) , B (X) = [3, 8] ⊆ [3, 8]∪{11} = S (X). Thus, we see that these self mappings
fulfil all the requirements of Theorem 3.6 with 3 as the unique common fixed point
of A,B, S and T in X.

4. Application

This section is devoted to apply Theorem 3.2 to ensure the existence and unique-
ness of the common solution to the integral equations given in (4.1), (4.2), (4.3) and
(4.4). Let Y = C([0, 1],C) be a space of all continuous complex-valued functions
on [0, 1]. Consider the nonlinear integral equations

z(x) =

∫ x

0

K1(x, y, z)dy, (4.1)

r(x) =

∫ x

0

K2(x, y, r)dy, (4.2)

v(x) =

∫ x

0

K3(x, y, v)dy, (4.3)

w(x) =

∫ x

0

K4(x, y, w)dy, (4.4)
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here x, y ∈ [0, 1], z, r, v, w ∈ Y, K1,K2,K3,K4 : [0, 1]×[0, 1]×Y → C are continuous
kernals. For v, w ∈ Y, define rectangular complete complex-valued metric d : Y ×
Y → C by

d(v, w) = i sup
x∈[0,1]

|v(x)− w(x)| ∈ iR ⊂ C.

Define A,B, S, T : Y → Y as

(Az)(x) =

∫ x

0

K1(x, y, z)dy,

(Bz)(x) =
1

2

∫ x

0

K2(x, y, z)dy,

(Sz)(x) =

∫ x

0

K3(x, y, z)dy,

(Tz)(x) =
1

2

∫ x

0

K4(x, y, z)dy.

Theorem 4.1. Let x, y ∈ [0, 1], z ∈ Y, K1,K2,K3,K4 : [0, 1]× [0, 1]× Y → C are
continuous kernals. Suppose that

|K1(x, y, v)− 1

2
K2(x, y, w)| ≤ hW (v, w), (4.5)

where, h ∈ (0, 1) and

W (v, w)

∈

{
sup

m∈[0,1]
|Sv(m)− Tw(m)|, sup

m∈[0,1]
|Av(m)− Sv(m)|, sup

m∈[0,1]
|Bw(m)− Tw(m)|,

sup
m∈[0,1]

|Av(m)− Tw(m)|+ sup
m∈[0,1]

|Bw(m)− Sv(m)|

2

 .

If A (Y ) ⊆ T (Y ) , B (Y ) ⊆ S (Y ), one of A (Y ) , B (Y ) , S (Y ) or T (Y ) is a complete
subspaces of Y and {A,S} and {B, T} are weakly compatible, then the integral
equations (4.1), (4.2), (4.3) and (4.4) have a unique common solution.

Proof: The integral equations (4.1), (4.2), (4.3) and (4.4) can be written as
Az = z, Br = r, Sv = v and Tw = w respectively, so the common fixed point of A,
B, S and T will be the common solution of (4.1), (4.2), (4.3) and (4.4). Now, we
prove the conditions of Theorem 3.2 are satisfied to ensure the existance of common
fixed point.

|Av(x)−Bw(x)| = |
∫ x

0

K1(x, y, v)dy − 1

2

∫ x

0

K2(x, y, w)dy|

= |
∫ x

0

(K1(x, y, v)− 1

2
K2(x, y, w))dy|

≤
∫ x

0

hW (v, w)dy

= hW (v, w) |y|x0 = hW (v, w)x

sup
x∈[0,1]

|Av(x)−Bw(x)| ≤ hW (v, w).
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This implies

i sup
x∈[0,1]

|Av(x)−Bw(x)| � ihW (v, w)

d(Av,Bw) � ihW (v, w).

Hence, we have
d(Av,Bw) � h (ABST )(v,w)

(ABST )(v,w) ∈
{
d (Sv, Tw) , d (Av, Sv) , d (Bw, Tw) ,

d (Av, Tw) + d (Bw,Sv)

2

}
,

which is contractive condition of Theorem 3.2. As A (Y ) ⊆ T (Y ) , B (Y ) ⊆ S (Y ),
one of A (Y ) , B (Y ) , S (Y ) or T (Y ) is a complete subspaces of Y and {A,S}
and {B, T} are weakly compatible. So all conditions of Theorem 3.2 are satisfied.
Therefore, the mappings A,B, S and T have a unique common fixed point, which
is a unique common solution of the integral equations (4.1), (4.2), (4.3) and (4.4).

5. Conclusion

In this article, some common fixed point theorems for four mappings under the
framework based on ATBS-type iterative sequence in rectangular complex-valued
metric spaces have been established. The main results discuss not only the existence
but also the uniqueness of common fixed point for mappings which satisfy some
contractive conditions. Some detailed examples that verify the validity of results
and illustrate how the conditions are satisfied in practical scenario also included.
Furthermore, the results of this articles contribute to the ongoing development of
fixed point theory in complex-valued metric spaces and give a foundation for future
applications in areas such as integral equations and metric-type structures.
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