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ABSOLUTE GENERALIZED MEANS, AND THEIR ASSOCIATED
SERIES SPACE DERIVED FROM MADDOX’S SPACE /(p)

CANAN HAZAR GULEC

ABSTRACT. Mursaleen and Noman [22] 23] developed a comprehensive frame-
work for sequence spaces that generalized many well-known sequence spaces.
Motivated by their work, in the present study, we introduce a new paranormed
series space |A(T787t,u)| (p) over the Maddox’s space £ (p) using absolute gen-
eralized means method, where p = (pg) is a bounded sequence of positive real
numbers. Also, we examine various topological properties of this space and
determine its a-, 8-, and - duals. Furthermore, we characterize the matrix
classes (|A(T757t,u){ (p),A) and (A, |A(T’S’t7u)| (p)) for a given sequence space .

1. INTRODUCTION

A prominent research direction in the theory of sequence spaces involves gener-
ating new spaces through the matrix domains of triangle matrices. This approach
has been extensively explored using classical means such as the weighted, Cesaro,
Jordan totient, and Norlund means [8), 9] 10, 1T} 12| 13} 4], 28], 29, [30]. The reader
can refer to the articles [Il [2, [, [ [6 26 B2] in order to the reader is aware of
some new results on some new paranormed spaces obtained certain triangles that
isomorphic to the Maddox’s spaces. The standard analysis of such spaces focuses
on three pillars: the investigation of topological properties, the characterization
of matrix transformations, and the examination of inclusion relations. A signifi-
cant contribution to this field was made by Mursaleen and Noman [22] 23], who
developed a comprehensive study for generalized sequence spaces that successfully
generalized many well-known sequence spaces.

The study of sequence spaces forms a cornerstone of functional and modern
analysis, with critical applications spanning summability theory, operator theory,
and approximation theory. The pursuit of greater generality and structural flex-
ibility within this field naturally leads to the framework of paranormed sequence
spaces. Unlike their normed counterparts, paranormed spaces have more general
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60 C. H. GULEC

properties as a generalization of the normed spaces. In addition, in order to expand
these studies, some new paranormed spaces have been defined and some of their
properties have been investigated [15, [16] 17} [34] [35] [36].

Motivated by these developments, this study aims to further enrich the field by
introducing a novel paranormed series space, denoted ’A(T,S’t,u)’ (p). This space is
constructed by applying absolute generalized means to the paranormed space £ (p),
where p = (px) is a bounded sequence of positive real numbers.

Any vector subspace of w, the space of all complex sequences, is called a se-
quence space. Let £, ¢ and ¢y denote the sets of all bounded, convergent and
null sequences, respectively. The space ¢, consists of all absolutely p-summable
sequences for 1 < p < co. Additionally, bs and cs denote the spaces of all bounded
and convergent series, respectively.

A linear topological space X over the real field R is said to be a paranormed space
if there is a subadditive function g : X — R such that g (§) =0, g (z) = g (—x) and
scalar multiplication is continuous, i.e.,

|ay, —a] = 0 and g (2, — ) — 0 imply g (px, — ax) = 0

for all s in R and all s in X, where @ is the zero vector in the linear space X.
Throughout this paper, (pi) denotes a bounded sequence of strictly positive real

numbers such that H = sup,, pr, and M = max {1, H}. The linear space ¢ (p) was

defined by Maddox [19} 20] (see also Nakano [25] and Simons [31]) as follows:

E(p)—{x—(xk)€w:2|xk|pk<oo},(0<pk§H<oo)

k

which is a complete space under the paranorm given by

1/M
g(x) = (prk) .
k

Furthermore, we assume throughout that plzl + (qk)f1 = 1 provided 0 < inf pg <
H < oo, with 1/¢qx = 0 when p; = 1, and F will denote the collection of all finite
subsets of N, where N ={0,1,2,...}.

Let X and Y be two sequence spaces and A = (a,x) be an infinite matrix of
real numbers. Then, A defines a matrix transformation from X into Y, if for every
sequence ¢ = (xy) € X, the sequence Ax = (A, (z)), the A-transform of z, is in Y,
where

A, (z) = Z AnkTh
k=0

provided that the series is convergent for each n € N. The class of all such matrices
is denoted by (X,Y"). Also, we write A,, for the sequence in the n-th row of A, that
is, Ap = (ank)52, for every n € N. Central to the study of these transformations
are the a-, 8- and - duals of a sequence space X. These are defined, respectively,
as X =S (X,¢),X? =5 (X,es) and X7 = S (X, bs), where
S(X,Y)={u=(ug) Ew:zu=(zpur) €Y forall z € X}.

The matrix domain of an infinite matrix A in a sequence space X is defined by

Xa={recw: Az € X} (1.1)
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which is also a sequence space.

An infinite matrix A = (ay,) is called a triangle if a,, # 0 and a,, = 0 for all
n,v € N with v > n [33].

To provide the necessary foundation for our investigation, we begin by recalling
the concept of generalized means.

For any sequences s,t € w, their convolution s * t is a sequence defined by

(s*t), = Z Sn—ktr; (n€N).
k=0

Let A and Ay be the sets of all sequences with non-zero terms and non-zero first

terms, respectively, that is,
A={a=(ag) Ew:ax #0 for all kK € N}
and
Ap={a=(ar) Ew:a9#0}.

Throughout this work, we assume that t = (¢,,),r = (rn) € A, s = (s) € Ap and
u = (up) denotes a sequence of positive terms. Also, a negative subscript denotes
ZErO. -

The infinite matrix A (r, s,t) of generalized means has been defined by

Skl o< p<n,
Tn
0, k>n

([l (r, s, t))nk =

for all n, k € N [22, 23].
Also, the matrix A (r,s,t) has a unique inverse matrix B = (bnk):k:o that is
defined by

(~1)" D E o<k <,
bnk = ty
0, k>n
where D(()S) =1/s¢ and

S1 So 0 0 0

S9 S1 So 0 0

S3 S92 S1 S0 0

1
(s) _ . . . . . . . o
Dn — Tn+l ,(n—1,2,37...).

SO . . . . . .

Sp—1 Sp—-2 Sn-3 Sn—4 ... S0

Sn Sp—1 Sn—2 Sn-3 S1

Building on the theory of generalized means, Mursaleen and Noman [22] 23]
introduced the sequence spaces

1 & ~ }
X(r,s,t)=}<zx€ew : T=|— Sp—vtyTy eX
0 {rw e ()
for arbitrary subset X of w. Since generalized means subsume many significant clas-
sical means, these spaces include several known sequence spaces in the special cases.
After exploring the topological structure of these spaces, they also characterized the
relevant compact operators and matrix mappings. The reader can refer to the re-
cent textbooks [5] 24] for some new results on normed and paranormed sequence



62 C. H. GULEC

spaces derived from certain triangle matrices, as well as fundamental theorems in
functional analysis, summability theory, and sequence spaces.

2. THE PARANORMED SERIES SPACE |A(. 1| (p)

The main purpose of this study is to construct a new paranormed space of infinite
series |A(T7S,t,u)| (p) over the paranormed space £ (p) using the absolute generalized
means summability method, where p = (px) is a bounded sequence of positive real
numbers.

For a sequence =z = (z,) € w, let z = (z,) denote the sequence of partial sums
of the infinite series Y z,,. Then, the generalized mean transform A4 (z) = (A4, (z))
of the sequence z = (z,) is defined by the convolution:

_ 1 &
A = — _
n (2) - an Ktk 2k
k=0
where t = (t,),r = (rn) € A and s = (s,) € Ao.
Now, we define the series space ‘A(ns’t_’u)| (p) as the set of all series summable
by the absolute generalized means summability method |fl(m¢), un| (p), that is,

oo

|A(r,s,t,u)’ (p) = {(E = (mv) cw: Zuﬁn_l |AAn (Z)

n=0

p"<oo},(0<pn<H<oo),

where AA, (z) = A, (2) — A,_1 () and A_; (z) = 0 for all n € N, using definition
of Sargl [27].

Since the sequence z = (z,) is partial sums of infinite series of Y x,, we can
write the generalized means A (z) = (A, (z)) by

1 n 1 n n

Ap(2) = — > sp_plpazp = — E Tj > Sp—ktk,
o = T
J=0  k=j

then |A(r737t7u)| (p) series space can be restated in terms of the sequence x = (z,)
as follows:
Pn

o0 n n
[ At (0) = Qo €w: D jub™! ;0 3 (S:n - S:nl> t, | ;| <o

n=1 v=j -1

If we define @ (z) = (®,, (z)) by

. - n—uv n—uv— t
®, (2) = u/ S (S <s s 1)@ 25, n > 1 and Do (x) = ul/® 500

=0 \v—j Tn Tn—1 To
then, it can be written that the series > x,, is summable by |fl(r757t), un| (p) if and
only if z = (x,) € ‘A(T7S,t7u)| (p), or equivalently (®,, (x)) € £(p), where s_; = 0.
If p, = p for every n € N, the space ‘fl(m’t,u)’ (p) is reduced to the space
’A(myt’u)’p for 1 <p < oo.
A powerful characterization of this space can be achieved through of matrix
domains. This is facilitated by defining two crucial matrices. The first is the
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matrix A = A (r,s,t) = (a i t)> defined by

nj
! S t,,0<j <
agz},s,t) _ a v=j Sp—ovly, U] SN (21)
O7j >N,
and the second is the matrix F(p) = (fny(p)) defined by
—ug,/qﬂ v=n-—1
fno(p) = u}/q", v=mn (2.2)

0, otherwise,

where ¢,, denotes the conjugate exponent satisfying 1/p, +1/¢, = 1, with 1/¢,, =0
when p,, = 1. Equipped with these definitions, the series space |A(, s,tu) | (p) admits
representation as the matrix domain of the composite matrix in the base space £ (p) .
This is expressed by the identity

|A(r,s,t,u)| (p) = (6 (p))F(p)A :

using (1.1).
We define an associated sequence ¢ = (¢n) as the image of the partial sums
sequence z under the A transform, given by

A (2) = pp = ri ij Z Sn—klks
" j=0  k=j

r
0%o and
toso

n—1 (s) n—k—1(s)

"n¥n -n" Zyre o (—1) n—k—1Tk

_ Dl >1. (2.3
t50+§3< - oo n=1. 23)

tnfl
~ ~ o)
From (2.3), the inverse matrix B = (bnk> is given by
k=0

then the inverse transformation is calculated by xy =

T n= Oa
En@ 0 ket
"TEDY - DY
l; ( ) kki( ) n—k—lk’ nggn—l, (nZl)
nk — tn tnfl
Tn
k= >1
tnSO, " (TL - )
07 k > n.
(2.4)
So, by means of the inverse matrix B = ( ) - we can write that
n,k=0
Tp = Bnk@k- (25)

k=0

Given this relationship, series space |fl(m7t,u)| (p) can be redefined by all sequences
whose F(p)A transform belongs to the sequence space ¢ (p) . This means z = (z,,) €
|A(r.s.4.0)| (p) if and only if (F(p)/i) (x) € £(p).

We now present some significant results regarding the topological structure of
the newly defined space |A(T,s7t,u)| (p)
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Theorem 2.1. The series space |A(T,s,t7u)’ (p) is a complete linear metric space
paranormed by g, defined as
1/M
pn)

_ <Z ) (F(p) oA)n (z)

where 0 < p, < H < oo for alln € N, H = sup,, p, and M = max {1, H}.

Proof. The linearity of the series space |fl(r,s7t,u)| (p) under coordinatewise addition
and scalar multiplication is confirmed by the following inequalities, which hold for

any r,y € M(r’s’t’u)’ (p) (see, [21], p.30):
1/M
P
) 26)

(Zl(F0re4) 40
1/M 1M
(Z\(F@) 0 4) (@) ) + (Z\(F@) 0 4) () )
and for any o € R (see, [19])
P < max{1, \a|M}. (2.7)

< o0,

It is immediate from the definition that g (f) = 0 and g (z) = g(—=z) for all
T € |fl(,ﬂys7t7u)| (p), where 0 is the zero sequence.

Furthermore, inequalities (2.6) and (2.7) directly imply the subadditivity of g,
and g (ax) < max{l,|a|} g (x) for any a € R.

Consider a sequence (z™) in |A(T757t7u)’ (p) for each n € N such that g (2 — z) —
0 as m — oo and also let (av,) be a sequence of scalars such that o, — « as n — oo.
The subadditivity property of g yields the inequality

g(@") <g(x)+g(x—a"),

from which it follows that the sequence {g (™)} is bounded. So, we observe

/M
g (ozkxk —az) = (Z ‘ (F(p) o A)n (akxk - az) pn)

{low — alg (&) + ol g (a* ~ )}
which tends to zero as k — oo. This satisfies that the scalar multiplication is
continuous. Hence g is a paranorm on the space |A(T,S’t)u)| (p).

We now proceed to demonstrate that the space ’fl(r’s’t,u)’ (p) is complete. Let
(ml) be an arbitrary Cauchy sequence in ’fl(m’t’u)’ (p), where each term is given

by 2 = {xéi),xgi),xéi), } for i € N. Then, for any £ > 0, there exists a positive

IN

integer ng (¢) such that
g(z" —a?) <eforalli,j>ng(e).
From the definition of g, it follows for each fixed n € N that

‘(F(p) o A)n (z") - (F(p) o fl)n (x])‘ (2.8)
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1/M
Pn
) <
for all 4,5 > ng (¢) . This implies that the sequence

{(F(p) o fl)n (z2), (F(p) o A)n (z1), (F(p) o A)n (z%) } is a Cauchy sequence

in R for every fixed n € N. Since R is complete, it converges for every n € N, and
we may write that

n

< (Z (F@)o4) (@) - (Fw)o4) ()

lim <F(p) o fl)n (z) = (F(p) o fl) (z).

1—00 n
With the help of these infinitely many limits
(F(p) o fl)o (x), (F(p) o 151) ) (z), (F(p) o 121)2 (x),..., we construct the sequence
{ (F(p) ) A)O (z), (F(p) o A) ) (z), (F(p) o )2 (x), } . From inequality (2.8) , we

can deduce that

Emi (Fped) ()= (F@p)oA) ()

o <g(z'— xj)M <eM (2.9)

n

for each m € N and 4,5 > ng (¢) . Take any i > ng (¢) . If we take to limit first as
j — oo and next as m — oo in (2.9), then, we get g (z' —z) < €. To establish
that the limit point = belongs to the space, take e = 1 in (2.9) and consider any
i > ng (1) . Applying Minkowski’s inequality for each fixed m € N yields

(fj (Fpro4) @
n=0

which shows that = € ‘fl(m’tyu)‘ (p) . Since g (xl — x) < eforalli > ng(e), we have
that 2° — 2 as i — oo. This concludes that |A(T,S7t7u)| (p) is complete.

1M
p") <g(z'—z)+g(z') <1+g(2)

O

Since both matrices F(p) and A = A (r,s,t) are triangle, the matrix F(p)A =
F(p)o A obtained by their composition is also triangle, where the matrices F(p)
and A = A(r,s,t) are defined as in (2.2) and (2.1), respectively. Therefore, the
matrix F(p)A defines a bijective linear operator between the spaces |A(,.7s,t7u)| (p)
and £ (p). This leads us to the conclusion that the spaces |fl(r,s7t,u)| (p) and £ (p)
are paranorm isomorphic.

Let (X, g) be a paranormed space. A sequence (by) of the elements of X is called
a basis for a sequence space X paranormed by g if and only if, for each z € X|
there exists a unique sequence (\,) of scalars such that

nh_)n;og (m— Zx\kbk> =0,

k=0

o0
and in this case, we write x = > Agby.
k=0
Given the established linear isomorphism |fl(m7t7u)| (p) = £(p), the Schauder
basis of the space |A(T7S7t7u)| (p) can be obtained by taking the inverse image of the
basis of ¢ (p). This directly leads to the following result, which is stated without
proof.
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Theorem 2.2. Let1 < p, < H < o0 and y; = ((F(p)oA) x)l, forall j € N
J

and define the sequence v\9) = (v,(Lj)) as

—1/g; x~n § .
o) = u Y Y bk, 0 <
" 0, j>mn.

The sequence v9) is a basis for the space ’fl(m’t’u)’ (p) and any x € |A(r787t7u)| (p)
has a unique representation of the form

P
j=0

3. DUAL SPACES AND SOME MATRIX TRANSFORMATIONS

This section is dedicated to the computation of the a-, 5-, and - duals of the
space |A(m,t7u)} (p) and characterizations of certain matrix operators on the series
space ’A(T,S’t’u)’ (p) . Before presenting the main theorems concerning these dual
spaces, we give some lemmas that are required for the proofs.

Lemma 3.1. [7] (i) Let 1 < pp, < H < oo for all k € N. Then, A = (ank) €
(£(p),£1) if and only if there exists an integer B > 1 such that

qk
sup Z Z ankB

NeF neN

< Q.

(i) Let 0 < px, <1 for all k € N. Then, A = (ank) € (£(p), 1) if and only if

Pk
§ Ank

neN

Lemma 3.2. [I8] (%) Let 1 < pp < H < o0 for all k € N. Then, A = (ank) €
(£(p),€so) if and only if there exists an z'nteger B > 1 such that

sup sup < 0.

NeF keN

su ant B~ < 0. 3.1

negz | ¥ ( )

(ii) Let 0 < pr, <1 for all k € N. Then, A = (ank) € (£(p), L) if and only if
sup |ank|"* < . (3.2)
n,keN

Lemma 3.3. [I8] Let 0 < py, < H < 00 for all k € N. Then, A = (ank) € (£ (p),c)
if and only if (3.1),(3.2) and

lim anp; = Yk, (k S N)

n—oQ

are satisfied.

Let B € {n € N:n > 2} and define the sets ¢ (p), 2 (p), s (p), ¥4 (p) and
Y5 (p) as follows:

P1(p) =< a=(a,) Ew: sup sup Z an anku Uq’ <00y, (3.3)
NeF jeN neN —
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qj

:U a=(a,) Ew: supz Zaannku Vg1l <o ,

B>1 NeFr neN  k=j

s (p) = a=(an) Ew: sup zanzbnku v < . (35)

m]GNn —j

qj

Py (p) = U a=(a,) Ew: supz Zaannku Vaip-1l <o , (3.6)

B>1 mENJ 1 |n=j

Vs (p) =< a=(an) Ew: AiﬁmoozanZzSnku;l/%:% jeNY.  (37)

Theorem 3.4. Let the sets 11 (p) and 15 (p) be defined as in (3.3) and (3.4),
respectively. Then, the following statements hold:
(i) Let 0 < py, <1 for all k € N. Then,

{|A(r,s,t,u)| (p)}a =11 (p) :
(i2) Let 1 < pr, < H < oo for all k € N. Then,

{|Apst0] ()} =12 (p).

Proof. We provide the proof for case (ii) only, as case (i) can be established through
an analogous argument. B
Let pp, > 1, z = (x,) € |A(T’S}t’u)‘ (p) and a = (a,) € w. Now, consider ¢ =

((pn) = A(aj) and
Yn = u711/(1n (@n - @n—l)
forn >0, ¢_1 =0, then, y = (y,) € £(p) and

n
= Z ulzl/q’“ Yk
k=0
Then, by employing relation (2.5), we can write that
n n
=D bokgr =3 b Dy 1y
P .

So, we calculate that

OnTn = Qp, Z bk Z w9 Y; = Z G ' 1/q’ Z Dok Yj (3.8)

D tngys =t (y), (n €N)
7=0
where the matrix g = () is defined by

—1/q; n 7 .
[ = anuj /a Zk:j bnk}a 0 S J S n, (39)
/ 0, j>n
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for all n,j € N. Consequently, it follows directly from (3.8) that ax = (a,x,) € £1
whenever z = (z,,) € M(,.’s,t’u){ (p) if and only if py € ¢; whenever y = (y,) € £(p) .
This implies that a = (a,) € {M(T’s’t’u)‘ (p)}a if and only if u € (£(p),¥¢1), where
the matrix ;1 = (pn;) is defined as in (3.9) . Therefore, by applying Part (i) of Lemma
3.1, we conclude that {|A(T,S7t,u)| (p)}a = 1)y (p) which completes the proof.

([

Theorem 3.5. Let the sets 3 (p) and 14 (p) be defined as in (3.5) and (3.6),
respectively. Then, the following statements hold:
(i) Let 0 < py, <1 for all k € N. Then,

{| A5t @)} =13 (p).
(#) Let 1 < p, < H < oo for all k € N. Then,
{|A(r,s,t,u)| (p)}’Y = ¢4 (p) .

Proof. We again restrict our proof to case (ii), as case (i) follows from a similar line
of reasoning. B

Let py, > 1, and suppose x = (z,,) € }A(T’S,t’u)‘ (p) and a = (a,,) € w. By utilizing
equality (3.8), we calculate that

m m n n
> antn =) an ujl/qj > b | yj (3.10)
n=0 n=0  j=0 k=j

= > D an u{”‘“ D bak |y =D hmiyy = Hu(y)
k= =0

<.

where the matrix H = (hy,,;) is defined by

n —1/qj n 7 .
an(w Z:.bnk) ,0< 7 <m,
hnLj = n=j J k=i (311)
0, j>m.
From relation (3.10), it follows that ax = (anz,) € bs whenever z = (z,) €

|A(r.s.t.0)| (p) if and only if Hy € (. whenever y € ¢(p). This establishes that
a = (an) € {|Apstul (p)}” if and only if H € (£(p),ls), where the matrix
H = (hp;) is defined as in (3.11) . Therefore, by combining the condition (3.10) with
the result of Part (i) of Lemma 3.2, we conclude that {|A(T,s’t)u)| (p)}’y = 14 (p),
which completes the proof.

g

Theorem 3.6. Let the sets 13 (p), 14 (p) and ¥s5 (p) be defined as in (3.5), (3.6),
and (3.7) , respectively. Then, the following statements hold:
(i) Let 0 < py, <1 for all k € N. Then,

A B
{|Arsta] ()} =13 (p) N s (p).-
(ii) Let 1 < p, < H < oo for all k € N. Then,

(A rm] )} = () N5 () -
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Proof. Employing an analogous approach to that used in the proof of Theorem
3.5, we observe from equality (3.10) that ax = (a,z,) € cs whenever z = (z,,) €
|A(r,s,t,u)’ (p) if and only if Hy € ¢ whenever y € £ (p), where the matrix H = (hp,;)

is defined as in (3.11). This demonstrates that a = (an) € {|A¢ 5.0 (p)}B if and
only if H € (¢{(p),c). Consequently, by applying Lemma 3.3, we conclude that

the B_duals of |A(r,s,t,u)| (p) are given by {‘A(r,s,t,u)| (p)}B = 7/)3 (p) N 1/}5 (p) for
0 < pr < 1and {|Apara| ()} = s (0) Vs (p) for 1 < pr < H < o for all

k € N, respectively.
|

‘We now proceed to the direct characterizations of the matrix classes (|fl(7.7 R | (p),\)
and (A, |A(T7S)t,u)| (p)), where A is an arbitrary sequence space.

Theorem 3.7. Let A be an arbitrary sequence space. Then, A = (ank) € (‘A(n&t,u)‘ (p),N)

if and only if A, € {M(r,s,t,u)} (p)}’B for alln € N and G € (£(p), ), where the
infinite matric G = (gn;) is defined by

o0 T

E : —1/q; 7
9nj = Anr | Uy ! g brk

r=j k=j

for allm,j € N.

Proof. Let A be an arbitrary sequence space. Recalling that the spaces ‘fl(r’s’t’uﬂ (p)
and £ (p) are linearly isomorphic, assume that A € (|fl(m’t7u)’ (p),A) and let
y € £(p). Define the matrix V (p) = (vai (p)) by F(p) o A = V (p). Then, the

elements of the product matrix F(p) (A) are computed by

Unk (p) = Z fnj (p) djk = fn,n—l (p) dn—l,k: + fnn (p) dnk = u»}/qn (ank: - dn—l,k}) .
=k

(3.12)
Also, we calculate the elements of the matrix product GV (p) by

(GV (P = Zgnjvjk(p)
i=k
_ i 7. —1/q; 1aj (= ~
= 22w | Dby P (@ — o)
j=k i=j r=j
=  Qnk.

This establishes that GV (p) exists and 4,, € {|A(r,s,t,u)| (p)}ﬁ , which implies that
G, € {¢ (p)}ﬁ for each n € N. As a result, the transformation Gy exists for each
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y € £ (p) and we have that

oo
Z InkYx = Z Z a’n] Z b]rulzl/mc (Z'LL /(Ik akj — a‘k*l,j) 'Tj
k=0

j=

k
k=0 j=k r=k 0

oo oo k
= Y e 0) < [ Yo )y

k=0 j=k §=0

oo
= E AnkTk-
k=0

Therefore, the relation Gy = Az holds, which demonstrates that G € (¢ (p), A).
Conversely, assume that A,, € {’fl(myt’u)’ (p)}ﬁ foralln € N, that G € (¢ (p), \)

and let x € ’A(T757t7u)’ (p) . Under these conditions, the transformation Ax exists.
So, we derive from the equality

m
§ ApkTk
k=0

m k k -
Z Ank Z Z bkruj_l/qj Yj
k=0 j=0 \r=j
m
= Y du,
k=0

where the matrix G(™ = (gfﬁ,i) is defined for each n by

Imk =

m J .

o Lo B (i) 0k
j=k \r=k

0, k>m

that Az = Gy, as m — oco. This result confirms that A € (|fl(r737t7u)’ (p),A), which
completes the proof.

Theorem 3.8. Let A be an arbitrary sequence space. Then, A € (A, |fl(ns,t,u)| (p))
if and only if C € (N, €(p)), where C = (cpi) is defined by

n
1/qn (5 ~
Cnk = D U T (nj — Gn1,5) Qji-

Proof. Let y € A and consider the partial sum

chkljk = Zul/q” (nj — Qn—1,j Za]kyk. (3.13)

Taking the limit as m — oo in (3.13), we obtain the relation (Cy), = (V (p) (Ay)),,
where V' (p) = (vnk (p)) = F(p) o A is defined as in equality (3.12). Consequently, it
follows that Ay € ‘A(ns’t’u)| (p) whenever y € X if and only if Cy € £ (p) whenever

y € A. This establishes the desired result and concludes the proof.
O

If p, = p for every n € N, we have following results, where ¢ denotes the
conjugate exponent satisfying 1/p + 1/q = 1, with 1/¢ = 0 when p = 1.
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Corollary 3.9. Let 1 < p < oo and the matriz B = (Enk) 18 given as in

n,k=0
(2.4). In this case,
a) A= (an) € (‘A(T’S,t’u)‘l ,Uso) if and only if

J
mli_r}rloo Z Un kz: Ejk ezists for all n,i € N, (3.14)
j=i =i
sup Zam ijk < oo, forallneN, (3.15)
m,ieN |
Jj=t k=i

and

sup ZankZka < 00 . (3.16)

n,teN

b) A= (ank) € (|Apss u)‘p if and only if (3.14), (3.15) and (3.16) hold, and

nh—>H;o kz Ank Z bij exists for all i € N.
=1 j=t

o0

Corollary 3.10. Let 1 < p < oo and the matriz B = (l;nk> 18 given as in

n,k=0
(2.4). In this case,
a) A= (an) € (|A(T757t7u)|p o) if and only if (3.14) holds, and

q

sup Z /ann] Zbﬂk < oo forallneN, (3.17)

mEN =i h—i

and
q

bupz /an kZbk] <00 . (3.18)
k=i

b) A= (an) € (‘A(T’S,t,u)‘p ,c) if and only z'f (3.14), (3.17) and (3.18) hold, and

') k
nh_)rrgo Z Ank Z br; exists for all i € N.
k=i j=i
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