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BERTRAND AND MANNHEIM CURVES OF
NORMAL-INTEGRAL AND BINORMAL-INTEGRAL CURVES IN

EUCLIDEAN 3-SPACE

A. ELSHARKAWY AND N. ELSHARKAWY

Abstract. This paper examines Bertrand and Mannheim curves linked to
normal-integral and binormal-integral curves in Euclidean 3-space. We derive
the Frenet apparatus, curvature, and torsion properties for these curves. Our
results demonstrate that the separation between corresponding points is in-
variant for Bertrand or Mannheim curves generated from normal-integral and
binormal-integral curves. Additionally, the tangent vectors of normal-integral
or binormal-integral Bertrand curves maintain a constant angle, whereas Mannheim
curves lack this property. We establish precise criteria determining when
normal-integral and binormal-integral curves constitute Bertrand or Mannheim
curves. Finally, illustrative examples validate our theoretical findings.

1. Introduction

The geometric theory of special curves in Euclidean 3-space has developed signif-
icantly since Joseph Bertrand’s seminal 1850 work on curve pairs sharing common
principal normals [2]. Bertrand curves, characterized by a linear relation between
curvature and torsion, have inspired extensive generalizations across diverse geo-
metric settings including Lorentzian space [2], Galilean space [23, 25], and higher
dimensions [3, 18, 21]. More recently, Mannheim curves, characterized by principal
normal-binormal correspondences, have emerged as important generalizations in
both Euclidean and non-Euclidean geometries [1, 7, 10–12,24,26].

Parallel developments in integral curve theory explore solutions to differential
equations tangent to prescribed vector fields. For a vector field X and parametric
curve α(t), the condition α′(t) = X(α(t)) defines an integral curve. Foundational
work by Lee [20] established key connections to smooth flows, while subsequent
research expanded to include: associated Frenet curves [4], Bishop frame applica-
tions [19], higher-dimensional extensions [6, 22], type-2 Bishop frame characteri-
zations [27], novel frame constructions [15], Darboux q-vector fields [5] and quasi
frame [8, 9, 13,14,16,17]
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This work synthesizes these research directions by investigating Bertrand and
Mannheim curves associated with normal-integral and binormal-integral curves in
E3. We establish fundamental properties including:

(1) Frenet apparatus, curvature, and torsion relations
(2) Invariance of separation distances for Bertrand/Mannheim pairs
(3) Characterization of constant-angle conditions
(4) Classification criteria for normal/binormal-integral curves
(5) Explicit computational examples

Our results extend the classical theory while providing new geometric insights
into the interplay between integral curves and their Bertrand/Mannheim partners.

2. Preliminaries

Consider a regular smooth curve α : I ⊂ R→ E3 parameterized by arc length s.
The curve has unit speed if:

〈α′(s), α′(s)〉 = 1,

where 〈·, ·〉 denotes the Euclidean inner product. The Frenet-Serret frame consists
of orthonormal vectors:

(1) Tangent vector: T (s) = α′(s).
(2) Principal normal: N(s) = α′′(s)/‖α′′(s)‖ (‖α′′(s)‖ 6= 0).
(3) Binormal: B(s) = T (s)×N(s).

Their evolution is governed by the Frenet-Serret equations:T ′N ′
B′

 =

 0 κ 0
−κ 0 τ
0 −τ 0

TN
B

 ,

with curvature κ(s) = ‖α′′(s)‖ and torsion τ(s) = −〈N ′(s), B(s)〉.

Definition 2.1. A curve α(s) is a Bertrand curve if there exists β(s) satisfying:

Nα(s) = Nβ(s),

β(s) = α(s) + cNα(s),

for some constant c 6= 0. Corresponding points maintain constant separation |c|,
and their tangents form a constant angle θ [3, 23].

Definition 2.2. [1, 24] A curve α(s) is a Mannheim curve if there exists γ(s)
such that Nα(s) = Bγ(s). The separation vector connects corresponding points
along binormal directions.

Definition 2.3. For a non-degenerate curve α(s):

(1) Its normal-integral curve is β(s) =
∫
Nα(s)ds with β′(s) = Nα(s).

(2) Its binormal-integral curve is γ(s) =
∫
Bα(s)ds with γ′(s) = Bα(s).

The Frenet apparatus of these integral curves exhibits elegant relations to the
original curve’s geometry [8,15,19]. In subsequent sections, we investigate Bertrand
and Mannheim partners arising from these constructions.
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3. Bertrand Curves of the integral curves in E3

This section analyzes Bertrand curve pairs generated from normal-integral and
binormal-integral curves in Euclidean 3-space. For each case, we derive Frenet
frames, curvature, torsion, and establish classification criteria.

3.1. Bertrand Curves of the normal-integral curves in E3. In this subsec-
tion, we define the normal-integral curves and obtain the Frenet frame, the cur-
vature, and the torsion of the normal-integral curves. In addition, we define the
Bertrand curve of the normal-integral curve. Furthermore, the Frenet frame, the
curvature, and the torsion of the Bertrand curves of normal-integral curves.

3.2. Normal-Integral Bertrand Curves.

Definition 3.1. For a non-degenerate curve α(s) in E3 with normal vector N , its
normal-integral curve β(s) is defined as:

β(s) =

∫
N(s)ds with N(s) = β′(s). (3.1)

Definition 3.2. If two curves have the property that the tangent vectors of the
two curves are perpendicular, then we call them an involute-evolute pair of curves.
In other words, if the relation < T, T ∗ >= 0 is satisfied, where T and T ∗ are the
tangent vectors of the two curves.

Proposition 3.1. For α(s) non-degenerate (α′ ×α′′ 6= 0), the Frenet apparatus of
its normal-integral curve β(s) satisfies:

Tβ(s) = Nα(s),

Nβ(s) =
−κα(s)√

κ2α(s) + τ2α(s)
Tα(s) +

τα(s)√
κ2α(s) + τ2α(s)

Bα(s),

Bβ(s) =
τα(s)√

κ2α(s) + τ2α(s)
Tα(s) +

κα(s)√
κ2α(s) + τ2α(s)

Bα(s),

κβ(s) =
√
κ2α(s) + τ2α(s),

τβ(s) =
κα(s)τ

′

α(s)− τα(s)κ
′

α(s)√
κ2α(s) + τ2α(s)

.

Corollary 3.1. α(s) and its normal-integral curve β(s) form an involute-evolute
pair: 〈Tα, Tβ〉 = 0.

Definition 3.3. A curve β∗(s) is a Bertrand mate of β(s) if Nβ∗(s) = Nβ(s) at
corresponding points.

Theorem 3.1. Asumme that κ2α + τ2α 6= 0 and τα 6= 0. The Bertrand mate of
normal-integral curve β(s) admits the parametrization:

β∗(s) = β(s) +
c1√

κ2α + τ2α
(−καTα(s) + ταBα(s)),

where c1 is a constant.
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Proof. Given that β(s) is a normal-integral curve of α, let β∗(s) be a Bertrand
curve of β(s), such that:

β∗(s) = β(s) + λ(s)Nβ(s),

where λ(s) is a differentiable function. By taking the derivative concerning s and
taking the inner product with Nβ(s), we can conclude that λ = c1 is constant.
Using the equations provided in Proposition 3.1, we find:

β∗(s) = β(s) +
c1√

κ2α + τ2α
(−καTα(s) + ταBα(s)), (3.2)

where c1 is constant. �

Corollary 3.2. If β∗(s) is a Bertrand curve of β(s), then the distance between
β(s) and β∗(s) at corresponding points remains constant.

Corollary 3.3. The angle θ1 between tangents Tβ and Tβ∗ is constant.

Proof. Define θ1(s) as the angle between the tangents of the curves β(s) and β∗(s).
This angle can be expressed as:

cos θ1(s) = 〈Tβ∗(s), Tβ(s)〉.
By differentiating this expression with respect to s, we obtain:

d

ds
cos θ1(s) = 〈κβ∗Nβ∗(s), Tβ(s)〉+ 〈Tβ∗ , κβNβ〉,

which simplifies to zero, showing that θ1 is constant.
�

Theorem 3.2. Asumme that κ2α + τ2α 6= 0 and τα 6= 0. A normal-integral curve
β(s) admits a Bertrand mate if and only if:

c1ν
κατ

′
α − τακ′α√
κ2α + τ2α

+ c1
√
κ2α + τ2α = 1,

where ν = cot θ1 and c1 is a non-zero constant.

Proof. Let β(s) be a Bertrand curve of the normal-integral curve. By differentiating
Equation (3.2), we obtain:

dβ∗(s)

ds
= (1− c1κβ)Tβ(s) + (c1τβ)Bβ(s). (3.3)

Also, we can write
dβ∗

ds
= (cos θ)Tβ + (sin θ)Bβ ,

where θ1 is the angle between dβ∗

ds and Tβ which is constant. Therefore, cos θ1 =
1− c1κβ and sin θ1 = c1τβ .

We have cot θ1 =
1−c1κβ

c1τβ
= ν = constant . Then we have:

ντβ + κβ =
1

c1
. (3.4)

Hence we obtain:

c1ν
κατ

′

α − τακ
′

α√
κ2α + τ2α

+ c1
√
κ2α + τ2α = 1. (3.5)
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Conversely, suppose that Equations 3.4 and 3.5 are satisfied. By differentiating
Equation 3.3 we can get

N∗β = (
1

κ∗β
)(
ds

ds∗
)[

νκβ√
ν2 + 1

− τβ√
ν2 + 1

]Nβ .

Then, the curve β∗(s) is a Bertrand curve of the normal-integral curve.
�

Theorem 3.3. Asumme that κ2α + τ2α 6= 0 and τα 6= 0. The Frenet frame of
Bertrand mate β∗(s) relates to α’s frame via:

Tβ∗(s) =
1√

ν2 + 1
[

τα√
κ2α + τ2α

Tα + νNα +
κα√
κ2α + τ2α

Bα],

N∗β(s) =
1√

κ2α + τ2α
[−καTα + ταBα],

B∗β(s) =
1√

ν2 + 1
[

ντα√
κ2α + τ2α

Tα −Nα +
νκα√
κ2α + τ2α

Bα],

Proof. Let β∗(s) be a Bertrand curve of β(s), then from Equations (3.3) and (3.4),
we have:

dβ∗

ds
= c1τβ [νTβ +Bβ ], (3.6)

Then we get

T ∗β =
1√

ν2 + 1
[νTβ +Bβ ].

By differentiating Equation (3.3), we obtain:

d2β∗

ds2
= c1τ

′
βνTβ + c1τβ(νκβ − τβ)Nβ + c1τ

′
βνBβ , (3.7)

Taking the cross product of Equations 3.3 and Equation 3.7, we can obtain:

B∗β =
1√

ν2 + 1
[−Tβ + νBβ ],

Also, we have Nβ∗ = Nβ .

By substitution from the equations in Proposition 3.1, we obtain:

Tβ∗(s) =
1√

ν2 + 1
[

τα√
κ2α + τ2α

Tα(s) + νNα(s) +
κα√
κ2α + τ2α

Bα(s)], (3.8)

Nβ∗(s) =
1√

κ2α + τ2α
[−καTα(s) + ταBα(s)], (3.9)

Bβ∗(s) =
1√

ν2 + 1
[

ντα√
κ2α + τ2α

Tα(s)−Nα(s) +
νκα√
κ2α + τ2α

Bα(s)], (3.10)

�
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Theorem 3.4. Asumme that κ2α + τ2α 6= 0 and τα 6= 0. The Curvature and torsion
of β∗ are given, respectively, by:

κβ∗(s) =
ν(κ2α + τ2α)− (κατ

′

α − τακ
′

α)

c1(1 + ν2)(κατ
′
α − τακ

′
α)

,

τβ∗(s) =
(κατ

′
α − τακ′α)(κ2α + τ2α)(ν

2 − 1) + ν(κ2α + τ2α)
2 − ν(κατ ′α − τακ′α)2

(c1ν(κατ ′α − τακ′α)(κ2α + τ2α)− c1(κατ ′α − τακ′α)2)(1 + ν2)
.

Proof. From Equation (3.3) and (3.7), we have:

κβ∗(s) =
νκβ − τβ

c1τβ(1 + ν2)
,

From the equations in Proposition 3.1, we obtain:

κβ∗(s) =
ν(κ2α + τ2α)− (κατ

′

α − τακ
′

α)

c1(1 + ν2)(κατ
′
α − τακ

′
α)

.

By differentiating Equation (3.7), we obtain:

d3β∗

ds3
= (c1τ

′′
β ν + c1τ

2
βκβ − c1τβνκ2β)Tβ + (2c1τ

′
βνκβ − 3c1τ

′
βτβ

+c1τβνκ
′
β)Nβ + (c1τ

2
βνκβ − c1τ3β + c1τ

′′
β )Bβ .

Then

τβ∗(s) =
τβκβ(ν

2 − 1) + ν(κ2β − τ2β)
c1τβ(νκβ − τβ)((1 + ν2)

.

From the equations in Proposition 3.1, we obtain:

τβ∗(s) =
(κατ

′
α − τακ′α)(κ2α + τ2α)(ν

2 − 1) + ν(κ2α + τ2α)
2 − ν(κατ ′α − τακ′α)2

(c1ν(κατ ′α − τακ′α)(κ2α + τ2α)− c1(κατ ′α − τακ′α)2)(1 + ν2)
.

�

3.3. Bertrand Curves of the binormal-integral curves in E3. In this sub-
section, we define the binormal-integral curves and obtain the Frenet frame, the
curvature, and the torsion of the binormal-integral curves. Also, we define the
Bertrand curve of the binormal-integral curve. Furthermore, the Frenet frame, the
curvature, and the torsion of the Bertrand curves of binormal-integral curves.

Definition 3.4. For α(s) with binormal B, its binormal-integral curve γ(s) is
defined as:

γ(s) =

∫
B(s) ds & B(s) = γ′(s). (3.11)

Proposition 3.2. The Frenet apparatus of γ(s) satisfies:

Tγ = Bα,

Nγ = −Nα,
Bγ = Tα,

κγ = τα,

τγ = κα.

Definition 3.5. γ∗(s) is a Bertrand mate of γ(s) if Nγ∗(s) = Nγ(s).
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Theorem 3.5. The Bertrand mate of binormal-integral curve γ(s) is:

γ∗(s) = γ(s) +A1Nα(s),

where A1 is constant.

Proof. Let γ(s) be a binormal-integral curve of α and γ∗(s) be a Bertrand curve of
γ. We can express the relation between the two curves as:

γ∗(s) = γ(s) + λ∗(s)Nγ(s), (3.12)

where λ∗(s) is a differentiable function. By differentiating with respect to s and
using the condition that Nγ∗ = Nγ , we conclude that λ∗(s) = A1 is a constant.
Substituting into the equation gives:

γ∗(s) = γ(s) +A1Nα(s),

where A1 is constant. �

Corollary 3.4. The distance between γ(s) and γ∗(s) at corresponding points is
constant.

Corollary 3.5. The angle θ2 between tangents Tγ and Tγ∗ is constant.

Proof. Define θ2(s) as the angle between the tangents of the curves γ(s) and γ∗(s).
Since ‖Tγ‖ = ‖Tγ∗‖ = 1, the angle can be expressed as:

cos θ2 = 〈Tγ∗ , Tγ〉.
Differentiating this equation with respect to s, we obtain:

d

ds
cos θ2 = 〈τγ∗Nγ∗ , Tγ〉,

which equals zero. Thus, θ2 is constant. �

Theorem 3.6. A binormal-integral curve γ(s) admits a Bertrand mate if and only
if:

ν2 κα + τα =
1

A1
, (3.13)

where ν2 = cot θ2 and A1 is a non-zero constant.

Theorem 3.7. The Frenet frame of γ∗(s) relates to α’s frame via:

Tγ∗ =
1√
ν22 + 1

Tα +
ν2√
ν22 + 1

Bα,

Nγ∗ = −Nα,

Bγ∗ =
ν2√
ν22 + 1

Tα −
1√
ν22 + 1

Bα,

Proof. Let γ∗(s) be a Bertrand curve of γ(s), By differentiating with respect to s,
we have:

dγ∗

ds
= A1τγ [νTγ +Bγ ]. (3.14)

Then we get

Tγ∗ =
1√

ν2 + 1
[Tγ + νBγ ].
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By differentiating Equation (3.14), we obtain:

d2β∗

ds2
= A1τ

′
γνTγ +Aτγ(νκγ − τγ)Nγ +Aτ ′γBγ , (3.15)

Taking the cross product of Equations 3.14 and Equation 3.15, we can obtain:

Bγ∗ =
1√

ν2 + 1
[νTγ −Bγ ],

Also, we have: Nγ∗ = Nγ .
By substitution from the equations in Proposition 3.2, we obtain:

Tγ∗ =
1√
ν22 + 1

Tα +
ν2√
ν22 + 1

Bα,

Nγ∗ = −Nα,

Bγ∗ =
ν2√
ν22 + 1

Tα −
1√
ν22 + 1

Bα.

�

Theorem 3.8. Let γ and γ∗ be two Bertrand of the normal-integral curves, and
assume that ν2 6= 1, then κγ∗ and τγ∗ of the binormal-integral curve are given
respectively by:

κγ∗ =
(ντα − κα)
A1κα(ν2 − 1)

,

τγ∗ =
−A2

1κ
2
α(νκ

′′
α − νκατ2α + κ2ατα) + ν(νκ2ατα − κ3α + κ′′α)

A3
1κ

4
α(ντα − κα)((1 + ν2)

.

Proof. From Equation (3.14 and 3.15), we have:

κγ∗ =
(νκγ − τγ)
A1τγ(ν2 + 1)

,

From the equations in Proposition 3.2, we obtain:

κγ∗ =
(ντα − κα)
A1κα(ν2 − 1)

,

By differentiating Equation (3.15) we obtain:

d3γ∗

ds3
= A1(τ

′′
γ ν − κ2γτγν + κγτ

2
γ )Tγ +A1(2τ

′
γνκγ − 3τ ′γτγ + τγνκ

′
γ)Nγ +A1(τ

2
γνκγ − τ3γ + τ ′′γ )Bγ .

Then

τγ∗ =
−A2

1τ
2
γ (ντ

′′
γ − ντγκ2γ + τ2γκγ) + ν(ντ2γκγ − τ3γ + τ ′′γ )

A3
1τ

4
γ (νκγ − τγ)((1 + ν2)

.

From the equations in Proposition 3.2, we obtain:

τγ∗ =
−A2

1κ
2
α(νκ

′′
α − νκατ2α + κ2ατα) + ν(νκ2ατα − κ3α + κ′′α)

A3
1κ

4
α(ντα − κα)((1 + ν2)

.

�
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4. Mannheim Curves of the integral curves in E3

In this section, we investigate the Mannheim curves of the normal-integral curves
and the binormal-integral curves. In each case, we introduce the Frenet vectors,
curvature, and torsion of the Mannheim curves. Further, we give the necessary and
sufficient condition of the curve to be the Mannheim curve.

4.1. Mannheim Curves of the normal-integral curves in E3. In this section,
we define the Mannheim curves of the normal-integral curves. In each case, we
introduce the Frenet vectors, curvature, and torsion of the Mannheim curves.

Proposition 4.1. For α(s) non-degenerate (α′ × α′′ 6= 0). Let a curve δ(s) be a
normal-integral curve of the curve α, then the Frenet vectors, the curvature κδ and
the torsion τδ of the curve δ in terms of the Frenet vectors, curvature and torsion
of the curve α are given, respectively, by

Tδ = Nα,

Nδ =
−κα√
κ2α + τ2α

Tα +
τα√

κ2α + τ2α
Bα,

Bδ =
τα√

κ2α + τ2α
Tα +

κα√
κ2α + τ2α

Bα,

κδ =
√
κ2α + τ2α,

τδ =
κατ

′

α − τακ
′

α√
κ2α + τ2α

.

Definition 4.1. Let a curve δ be a nondegenerate curve normal-integral curve of
the curve α. A curve δ∗ is called a Mannheim curve for the normal-integral curve
δ if the normal of the curve δ coincides with the binormal of the curve δ∗ at the
corresponding points i.e B∗δ = Nδ.

Theorem 4.1. Let the curve δ be a nondegenerate curve normal-integral curve of
the curve α. If δ∗(s) is a Mannheim curve of δ, then

δ∗(s) = δ(s) +
c2√

κ2α + τ2α
(−καTα + ταBα),

where c2 is constant.

Corollary 4.1. Let the curve δ be a nondegenerate curve normal-integral curve of
the curve α. If δ∗(s) is a Mannheim curve of δ, then the distance between δ and δ∗
at corresponding points is constant.

Corollary 4.2. Let the curve δ be a nondegenerate curve normal-integral curve of
the curve α. If δ∗(s) is a Mannheim curve of δ, then the angle between the tangents
of δ and δ∗ at corresponding points is not generally constant.

Proof. Let θ3(s) be the angle between the tangents of the two curves δ and δ∗, then
we can write

cos θ3 =< Tδ∗ , Tδ > . (4.1)

By differentiating Equation (4.1) , with respect to s, we have:
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d

ds
cos θ3 =< κδ∗Nδ∗

ds∗

ds
, Tδ >,

which is not zero. Therefore, θ3 is not constant.
�

Theorem 4.2. Let δ(s) be a nondegenerate curve normal-integral curve of the
curve α(s), then δ∗(s) is a Mannheim curve of the curve δ(s) if and only if

c2(κ
2
δ + τ2δ ) = κδ,

and
τδκ

′

δ − τδκ
′

δ > 0.

where c2 are non-zero constants.

Proof. Let δ∗(s) be a Mannheim curve of the normal-integral curve,

δ∗(s) = δ(s) + c2Nδ. (4.2)

By differentiating Equation (4.2), we obtain:

|δ̇|Tδ∗ = [1− c2κδ]Tδ + c2τδBδ, (4.3)

where |δ̇| = ds∗

ds . Also, we have:

Tδ∗ = −(sin θ4)Tδ + (cos θ4)Bδ, (4.4)

Nδ∗ = (cos θ4)Tδ + (sin θ4)Bδ, (4.5)

where θ4 is the angle between Tδ∗ and Bδ which is constant. Therefore, |δ̇| cos θ3 =

c2τδ and −|δ̇| sin θ4 = 1− c2κδ.
Then we have:

c2τδ sin θ4 + (1− c2κδ) cos θ4 = 0. (4.6)

By differentiating Equation (4.4), we have:

κδ∗Nδ∗ |δ̇| = − cos θ4θ
′
4Tδ − [τδ cos θ4 + κδ sin θ4]Nδ − sin θ4θ

′
4Bδ. (4.7)

and by inner product of Bδ∗ = Nδ with Equation 4.7, we obtain:

τδ cos θ4 + κδ sin θ4 = 0. (4.8)

From Equations (4.6 and 4.8), we have:

c2(κ
2
δ + τ2δ ) = κδ, (4.9)

By differentiating Equation (4.8), we have:

θ′4 =
τδκ
′
δ − τ ′δκδ
κ2δ + τ2δ

.

We obtain that θ′4 is negative from Equations (4.5 and 4.7). Then,

τδκ
′

δ − τ
′

δκδ > 0. (4.10)

Conversely, suppose that Equations 4.9 and 4.10 are satisfied. By differentiating
Equation 4.2 and by using Equation 4.9 we can get:

|δ̇|Tδ∗ =
c2τδ
κδ

[τδTδ + κδBδ]. (4.11)
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By differentiating Equation 4.11 and by using Equation 4.10, we can get that the
curve δ∗(s) is a Mannheim curve of the normal-integral curve. �

Theorem 4.3. Let the curve δ be a normal-integral curve of the curve α. Assume
that 1 − c2κδ > 0. If δ∗(s) is a Mannheim curve of δ(s), then the Frenet frame
{Tδ∗ , Nδ∗ , Bδ∗} of the curve δ∗(s) is given in terms of the Frenet frame of the curve
α by

Tδ∗ =
1√

1− c2κδ
[(1− c2κδ)Tδ + c2τδBδ],

Nδ∗ =
1√

1− c2κδ
[c2τδTδ + (c2κδ − 1)Bδ],

Bδ∗ = Nδ,

where
Tδ = Nα,

Nδ =
−κα√
κ2α + τ2α

Tα +
τα√

κ2α + τ2α
Bα,

Bδ =
τα√

κ2α + τ2α
Tα +

κα√
κ2α + τ2α

Bα,

κδ =
√
κ2α + τ2α,

τδ =
κατ

′

α − τακ
′

α√
κ2α + τ2α

.

Theorem 4.4. Let δ and δ∗ be two Mannheim of the normal-integral curves, then
the curvature and the torsion of the normal-integral curve are given respectively by:

κδ∗ =
κδ
c2τδ

κδτ
′
δ − τδκ′δ

(κ2δ + τ2δ )
3/2

,

τδ∗ =
κ2δ + τ2δ
τδ

,

where
κδ =

√
κ2α + τ2α,

τδ =
κατ

′

α − τακ
′

α√
κ2α + τ2α

.

4.2. Mannheim Curves of the binormal-integral curves in E3. In this sec-
tion, we define the Mannheim curves of the binormal-integral curves in E3. In
each case, we introduce the Frenet vectors, curvature, and torsion of the Mannheim
curves.

Proposition 4.2. For α(s) non-degenerate (α′ × α′′ 6= 0) in E3. Let a curve σ
be a binormal-integral curve of the curve α, then the Frenet vectors, the curvature
κσ and the torsion τσ of the curve σ in terms of the Frenet vectors, curvature and
torsion of the curve α are given, respectively, by

Tσ = Bα,

Nσ = −Nα,
Bσ = Tα,
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κσ = τα

τσ = κα.

Definition 4.2. Let a curve σ be a binormal-integral curve of the curve α. A curve
σ∗ is called a Mannheim curve for the binormal-integral curve σ if the principal nor-
mal of the curve σ coincides with the binormal of the curve σ∗ at the corresponding
points, i.e B∗σ = Nσ.

Theorem 4.5. Let the curve σ be a binormal-integral curve of the curve α. If
σ∗(s) is a Mannheim curve of σ, then

σ∗(s) = σ(s)−A2Nα,

where A2 is constant.

Corollary 4.3. Let the curve σ be a binormal-integral curve of the curve α. If σ∗(s)
is a Mannheim curve of σ, then the distance between σ and σ∗ at corresponding
points is constant.

Corollary 4.4. Let the curve σ be a binormal-integral curve of the curve α. If
σ∗(s) is a Mannheim curve of σ, then the angle between the tangents of σ and σ∗
at corresponding points is not constant.

Theorem 4.6. Let σ(s) be a Mannheim curve of the binormal-integral curve. Then
σ(s) is a Mannheim curve if and only if

A2(κ
2
σ + τ2σ) = κσ,

and
τσκ

′

σ − τσκ
′

σ > 0.

where A2 are non-zero constants.

Theorem 4.7. Let the curve σ be a binormal-integral curve of the curve α. If
σ∗(s) is a Mannheim curve of σ(s), then the Frenet frame {Tσ∗ , Nσ∗ , Bσ∗} of the
curve σ∗(s) is given in terms of the Frenet frame of the curve α by

Tσ∗ =
1√
ν22 + 1

Tα +
ν2√
ν22 + 1

Bα,

Nσ∗ = −Nα,

Bσ∗ =
ν2√
ν22 + 1

Tα −
1√
ν22 + 1

Bα,

Theorem 4.8. Let σ and σ∗ be two Mannheim of the normal-integral curves, then
the curvature and the torsion of the binormal-integral curve are given respectively
by:

κσ∗ =
(ντα − κα)
A2κα(ν2 − 1)

,

τσ∗ =
−A2

2κ
2
α(νκ

′′
α − νκατ2α + κ2ατα) + ν(νκ2ατα − κ3α + κ′′α)

A3
2κ

4
α(ντα − κα)((1 + ν2)

.
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5. Example

Let’s consider the following unit speed curve given in Figure 1:

α(s) =

(
1√
2
cos(s),

1√
2
sin(s),

s√
2

)
, (5.1)

This is a circular helix, which is a non-planar curve.

5.1. Frenet Frame. Let’s compute T, N, and B using equation (2.1):

T (s) = α′(s) =

(
− 1√

2
sin(s),

1√
2
cos(s),

1√
2

)
, (5.2)

α′′(s) =

(
− 1√

2
cos(s),− 1√

2
sin(s), 0

)
, (5.3)

N(s) =
α′′(s)

|α′′(s)|
= (− cos(s),− sin(s), 0), (5.4)

B(s) = T (s)×N(s) =

(
1√
2
sin(s),− 1√

2
cos(s),

1√
2

)
. (5.5)

5.2. N(s)-direction Curve. The N(s)-direction curve β(s) is given in Figure 2:

β(s) =

∫
N(s)ds

=

∫
(− cos(s),− sin(s), 0)ds

= (− sin(s), cos(s), 0) + C1, (5.6)

where C1 is a constant vector.

5.3. B(s)-direction Curve. The B(s)-direction curve γ(s) is given Figure 3 by:

γ(s) =

∫
B(s)ds

=

∫ (
1√
2
sin(s),− 1√

2
cos(s),

1√
2

)
ds

=

(
− 1√

2
cos(s),− 1√

2
sin(s),

s√
2

)
+ C2 (5.7)

where C2 is a constant vector.
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Figure 1. The original circular helix α(s)
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Figure 2. The N(s)-direction curve β(s)

Conclusion

In conclusion, this study enhances the comprehension of Bertrand and Mannheim
curves as they pertain to normal-integral and binormal-integral curves in Euclidean
3-space. It has been shown that the distances between corresponding points on these
curves remain unchanged, and distinctions have been identified in the behavior of
angles between tangents for Bertrand and Mannheim curves. The research further
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Figure 3. The B(s)-direction curve γ(s)

provides crucial criteria for determining whether normal-integral and binormal-
integral curves can be classified as Bertrand or Mannheim curves, contributing to
the broader understanding of these geometric entities.
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