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BERTRAND AND MANNHEIM CURVES OF
NORMAL-INTEGRAL AND BINORMAL-INTEGRAL CURVES IN
EUCLIDEAN 3-SPACE

A. ELSHARKAWY AND N. ELSHARKAWY

ABsTrRACT. This paper examines Bertrand and Mannheim curves linked to
normal-integral and binormal-integral curves in Euclidean 3-space. We derive

the Frenet apparatus, curvature, and torsion properties for these curves. Our
results demonstrate that the separation between corresponding points is in-
variant for Bertrand or Mannheim curves generated from normal-integral and
binormal-integral curves. Additionally, the tangent vectors of normal-integral

or binormal-integral Bertrand curves maintain a constant angle, whereas Mannheim
curves lack this property. We establish precise criteria determining when
normal-integral and binormal-integral curves constitute Bertrand or Mannheim
curves. Finally, illustrative examples validate our theoretical findings.

1. INTRODUCTION

The geometric theory of special curves in Euclidean 3-space has developed signif-
icantly since Joseph Bertrand’s seminal 1850 work on curve pairs sharing common
principal normals |2|. Bertrand curves, characterized by a linear relation between
curvature and torsion, have inspired extensive generalizations across diverse geo-
metric settings including Lorentzian space |2], Galilean space [23],25], and higher
dimensions [3}[18,21]. More recently, Mannheim curves, characterized by principal
normal-binormal correspondences, have emerged as important generalizations in
both Euclidean and non-Euclidean geometries [1},7,[10H12, 24} 26].

Parallel developments in integral curve theory explore solutions to differential
equations tangent to prescribed vector fields. For a vector field X and parametric
curve a(t), the condition o/(t) = X («(t)) defines an integral curve. Foundational
work by Lee [20] established key connections to smooth flows, while subsequent
research expanded to include: associated Frenet curves [4], Bishop frame applica-
tions [19], higher-dimensional extensions [6,/22], type-2 Bishop frame characteri-
zations [27], novel frame constructions [15], Darboux g-vector fields [5] and quasi
frame [8}9}13}/14}/16,/17]
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This work synthesizes these research directions by investigating Bertrand and
Mannheim curves associated with normal-integral and binormal-integral curves in
E3. We establish fundamental properties including:

(1) Frenet apparatus, curvature, and torsion relations

(2) Invariance of separation distances for Bertrand/Mannheim pairs
(3) Characterization of constant-angle conditions

(4) Classification criteria for normal/binormal-integral curves

(5) Explicit computational examples

Our results extend the classical theory while providing new geometric insights
into the interplay between integral curves and their Bertrand/Mannheim partners.

2. PRELIMINARIES

Consider a regular smooth curve o : I C R — E? parameterized by arc length s.
The curve has unit speed if:

(@’(s),a’(s)) = 1,
where (-,-) denotes the Euclidean inner product. The Frenet-Serret frame consists

of orthonormal vectors:

(1) Tangent vector: T'(s) = /(s )
(2) Principal normal: N(s) = o”(s)/[la”(s)]| ([la"(s)] # 0)-
(3) Binormal: B(s) = T(s) x ( ).

Their evolution is governed by the Frenet-Serret equations:

T 0 k 0 T
N|l=|-« 0 7 N,
B’ 0 -7 0 B

with curvature x(s) = ||&”(s)|| and torsion 7(s) = —(N'(s), B(s)).

Definition 2.1. A curve a(s) is a Bertrand curve if there exists 5(s) satisfying:

Na(s) = Np(s),
B(s) = a(s) + cNa(s),

for some constant ¢ # 0. Corresponding points maintain constant separation |c|,
and their tangents form a constant angle 6 [3,/25].

Definition 2.2. [1,|24] A curve a(s) is a Mannheim curve if there exists v(s)
such that No(s) = By(s). The separation vector connects corresponding points
along binormal directions.

Definition 2.3. For a non-degenemte curve a(s):

(1) Its normal-integral curve is 5(s fN Yds with '(s) = Na(s).
(2) Its binormal-integral curve is 'y = [ Bu(s)ds with 7'(s) = Ba/(s).

The Frenet apparatus of these integral curves exhibits elegant relations to the
original curve’s geometry [815,19]. In subsequent sections, we investigate Bertrand
and Mannheim partners arising from these constructions.
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3. BERTRAND CURVES OF THE INTEGRAL CURVES IN E3

This section analyzes Bertrand curve pairs generated from normal-integral and
binormal-integral curves in Euclidean 3-space. For each case, we derive Frenet
frames, curvature, torsion, and establish classification criteria.

3.1. Bertrand Curves of the normal-integral curves in E3. In this subsec-
tion, we define the normal-integral curves and obtain the Frenet frame, the cur-
vature, and the torsion of the normal-integral curves. In addition, we define the
Bertrand curve of the normal-integral curve. Furthermore, the Frenet frame, the
curvature, and the torsion of the Bertrand curves of normal-integral curves.

3.2. Normal-Integral Bertrand Curves.

Definition 3.1. For a non-degenerate curve a(s) in E® with normal vector N, its
normal-integral curve ((s) is defined as:

B(s) = / N(s)ds with N(s) = B'(s). (3.1)

Definition 3.2. If two curves have the property that the tangent vectors of the
two curves are perpendicular, then we call them an involute-evolute pair of curves.
In other words, if the relation < T, T* >= 0 is satisfied, where T and T are the
tangent vectors of the two curves.

Proposition 3.1. For a(s) non-degenerate (o' x o' #0), the Frenet apparatus of
its normal-integral curve 3(s) satisfies:

T/3<s> = Na(s)7

’ ’

Fa(3)7a(5) = Tals)kn(s)
R2(5) + 72(5)

75(s) =
Corollary 3.1. «(s) and its normal-integral curve 5(s) form an involute-evolute
pair: (To,Tp) = 0.

Definition 3.3. A curve 8*(s) is a Bertrand mate of 5(s) if Ng«(s) = Ng(s) at
corresponding points.

Theorem 3.1. Asumme that k2 + 72 # 0 and 7, # 0. The Bertrand mate of
normal-integral curve B(s) admits the parametrization:

B*(s) = B(s) +

C1

/2 2
Ks + T4

(_HaTa(S) + TaBa(S))a

where ¢1 1s a constant.
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Proof. Given that 3(s) is a normal-integral curve of «, let 8*(s) be a Bertrand
curve of f(s), such that:

B*(s) = B(s) + A(s)Na(s),
where A(s) is a differentiable function. By taking the derivative concerning s and

taking the inner product with Ng(s), we can conclude that A = ¢y is constant.
Using the equations provided in Proposition [3.1] we find:

B*(s) = B(s) + %(—KQTQ(S) +TaBal(s)), (3.2)
where ¢ is constant. O

Corollary 3.2. If 5*(s) is a Bertrand curve of B(s), then the distance between
B(s) and 5*(s) at corresponding points remains constant.

Corollary 3.3. The angle 6, between tangents Tg and Tg~ is constant.

Proof. Define 60, (s) as the angle between the tangents of the curves 8(s) and 8*(s).
This angle can be expressed as:

cos 1 (s) = (T~ (s), Ts(s)).
By differentiating this expression with respect to s, we obtain:

d
T cos b1(s) = (kp~Ng+(s),Ts(s)) + (T, kg Ng),

which simplifies to zero, showing that 6, is constant.
O

Theorem 3.2. Asumme that k2 + 72 # 0 and 7o # 0. A normal-integral curve
B(s) admits a Bertrand mate if and only if:

/ /

RaTl — Tak
av—_F———"teaV/rE +72 =1,

Ve T4

where v = cot 01 and ¢1 is a non-zero constant.

Proof. Let (s) be a Bertrand curve of the normal-integral curve. By differentiating
Equation (3.2)), we obtain:

W) _ (1~ s Ty (s) + (crms) Bos). (33
Also, we can write
dg*
ds
where 6, is the angle between % and T which is constant. Therefore, cosf; =
1—cikp and sinf; = c173.

= (cos0)T3 + (sin0) Bg,

l—c1k
We have cot 0] = —222 = v = constant . Then we have:

c17p
vTg + kg = ;11 (34)
Hence we obtain:
cluﬁ'ﬂaz TO";O‘ +eoVrZ+T2=1 (3:5)
K& + T,
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Conversely, suppose that Equations [3.4] and [3.5] are satisfied. By differentiating
Equation [3.3] we can get

1. ds VKR T3
N =(—)(— -
5= *)(ds*)[\/u2+1 ViZ 41

B
Then, the curve 8*(s) is a Bertrand curve of the normal-integral curve.

IN.

O

Theorem 3.3. Asumme that k%2 + 72 # 0 and 7o # 0. The Frenet frame of
Bertrand mate $*(s) relates to a’s frame via:

1 Te Ko

Tg«(s) = Ta‘f'l/Na“F‘ Baa
o-(5) \/y2+1[\/53+73 VR + 72 ]
1
5(e) «/n3+r§[ ]
1 UT, VK
B(s) = °© 7 N, 4+ B
5(e) \/l/2+1[\/ﬁ§+7’§ VKL A+ T2 ]

Proof. Let 5*(s) be a Bertrand curve of 3(s), then from Equations (3.3)) and (3.4)),

we have:
dg*
ds

=178 [VTB + 35]7 (3.6)

Then we get

1
T: = ——[vT; + Bg).
3 T+1[ s + Bgl

By differentiating Equation (3.3]), we obtain:

d26*
ez = aTaVTs + eims(vig — 75)Ns + e1mar By, (3.7)
Taking the cross product of Equations [3.3] and Equation [3.7] we can obtain:
. 1
Bj = —==—=[-Ts +vBg],

V2 +1
Also, we have Ng- = Ng.

By substitution from the equations in Proposition we obtain:

1 To Ko

Tﬁ* (S) = \/V2 + 1 [\/Kg + 7—3 Ta(S) + Z/Na(S) + ﬁBa(S)], (38)
N (s) = \/ﬁlﬁ[—%n(s) + 70 Ba(s)], (3.9)
By (s) = —— )= Nals) + —22_Bo(s)),  (3.10)

s) = T.,(s)—
\/V2+1[\/I<E§+T§ (
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Theorem 3.4. Asumme that k2 + 72 # 0 and 7o # 0. The Curvature and torsion

of B* are given, respectively, by:

v(kZ472) - (KaTy — Taky)

kg~ (s) = 5 ; 7
(14 v2)(kaT, — Taky)

7

(kaT o = Tak o) (K2 + 72) (1% — 1) + v(K2 + 72)? — v(kaT o — Tak'a)?
(c1v(kaT o — Tak o) (K2 + 72) — c1(KaT o — Tak'a)?) (1 + 12)
Proof. From Equation and , we have:
VR — T3
atg(l+v2)’
From the equations in Proposition 3.1, we obtain:

T+ (8) =
rpe(s) =

1 (5) :V(ﬁi +72) — (KQT(; - Ta/f;)
A (14 v2)(kaTh, — Takl)

By differentiating Equation (3.7]), we obtain:

d3 *
TSBP’ = (aTjv+atgrs — aTgreg)Ts + (2e17hvkEg — 3c1ThTs
+e17avk})Ng + (e17jveg — a1Th + a174) Bg.
Then
Takp(v? —1) + V(KJ% — Té)
aTp(veg —75)((1+v?)
From the equations in Proposition we obtain:

Tp(8) =

(kaT o — Tak o) (K2 +72) (1% = 1) + v(k2 + 72)? —v(kaT o — Tak a)?

(c1v(kaT o — Tak o) (K2 + 72) — c1(KaT o — Tak'a)?) (1 + 12)

T+ (8) =
0

3.3. Bertrand Curves of the binormal-integral curves in E>. In this sub-
section, we define the binormal-integral curves and obtain the Frenet frame, the
curvature, and the torsion of the binormal-integral curves. Also, we define the
Bertrand curve of the binormal-integral curve. Furthermore, the Frenet frame, the
curvature, and the torsion of the Bertrand curves of binormal-integral curves.

Definition 3.4. For «a(s) with binormal B, its binormal-integral curve v(s) is
defined as:

~(s) = /B(s) ds & B(s) = +(s). (3.11)

Proposition 3.2. The Frenet apparatus of y(s) satisfies:

T’y :Bav
Ny = —Ng,
B'y :Tou
H’y = Tas
Ty = Kq-

Definition 3.5. v*(s) is a Bertrand mate of y(s) if N,«(s) = N,(s).
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Theorem 3.5. The Bertrand mate of binormal-integral curve y(s) is:
7" (s) = 7(s) + A1 Na(s),
where Ay is constant.

Proof. Let v(s) be a binormal-integral curve of o and v*(s) be a Bertrand curve of
~v. We can express the relation between the two curves as:

7 (5) = 7(8) + AT (5) N4 (s), (3.12)
where A*(s) is a differentiable function. By differentiating with respect to s and

using the condition that N,- = N, we conclude that A\*(s) = A; is a constant.
Substituting into the equation gives:

7*(s) = (s) + A1 Na(s),
where A; is constant. t

Corollary 3.4. The distance between v(s) and v*(s) at corresponding points is
constant.

Corollary 3.5. The angle 0> between tangents T, and T~ is constant.

Proof. Define 65(s) as the angle between the tangents of the curves y(s) and v*(s).
Since ||T5|| = ||T+|| = 1, the angle can be expressed as:

cos by = (T, T,).

Differentiating this equation with respect to s, we obtain:

d
75 €0 Oy = (79« Ny, T5),

which equals zero. Thus, 65 is constant. ([l
Theorem 3.6. A binormal-integral curve v(s) admits a Bertrand mate if and only
if:

(3.13)

V2 Ko +Ta = —
Ay’
where vy = cot 0y and A is a non-zero constant.

Theorem 3.7. The Frenet frame of v*(s) relates to a’s frame via:

1 Vg
Ty = To + B,
7 Vvi+1 Vi +1
N'y* :_Nou
1] 1
B * = T - B 9
LY a7

Proof. Let v*(s) be a Bertrand curve of «(s), By differentiating with respect to s,
we have:

d *
JS = Ayr, VT, + B.). (3.14)
Then we get
1
Ty = [T5 +vB,].

Viz+1
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By differentiating Equation (3.14]), we obtain:
dzﬂ*
ds?

Taking the cross product of Equations [3.14] and Equation [3:15 we can obtain:

= ATl VT + Aty (v — Ty)N, + AT B, (3.15)

By = VT - B,],

v2+1

Also, we have: Ny = N,.
By substitution from the equations in Proposition 3.2, we obtain:

1 Vg
T = Ta+ Bav
N Vs +1
Ny« = —Ng,
B

170 1
« = T, — B,.
7 \/V22—|—1 \/1/224—1
|

Theorem 3.8. Let v and v* be two Bertrand of the normal-integral curves, and
assume that v* # 1, then kv« and T, of the binormal-integral curve are given
respectively by:

(VTa — Ka)

:Ama(u2 - 1)’

Ry

2.2 1 2 2 2 3 "
ARG (VEY, — VEGTS + K5 Ta) + V(VRL T — Ky, + KLy )

Ty =
K A3RL (7o — Ko) (1 4 12)
Proof. From Equation (3.14| and , we have:

o (Vhy —Ty)
K Ay (2 4+ 1)

From the equations in Proposition 3.2, we obtain:

_ (VTa — Ka)
Koy =,
A1ka (V2 —1)
By differentiating Equation (3.15]) we obtain:
d3 *
d;’ = M (7lv — K2ryv + 6y T2) Ty + AL (2T vk — 377y + Tovkl )Ny + Ay (T2vky — 72 + 7)) B,
Then

o —A%Tﬁ(yﬁ' — Z/T,YIQ,QY + Tg/ﬁy) + 1/(VT§/-@AY — 7'3 + T,{/)
! A vy — 1) (1 +v2)

From the equations in Proposition 3.2, we obtain:

—AR2 (VK — VkaT2 + K270) + (VKA T — KD + K!)
Ty =
K A3KE (VT — Ka) (1 +12)
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4. MANNHEIM CURVES OF THE INTEGRAL CURVES IN E?

In this section, we investigate the Mannheim curves of the normal-integral curves
and the binormal-integral curves. In each case, we introduce the Frenet vectors,
curvature, and torsion of the Mannheim curves. Further, we give the necessary and
sufficient condition of the curve to be the Mannheim curve.

4.1. Mannheim Curves of the normal-integral curves in E3. In this section,
we define the Mannheim curves of the normal-integral curves. In each case, we
introduce the Frenet vectors, curvature, and torsion of the Mannheim curves.

Proposition 4.1. For a(s) non-degenerate (o/ x o'’ #0). Let a curve §(s) be a
normal-integral curve of the curve «, then the Frenet vectors, the curvature ks and
the torsion 15 of the curve § in terms of the Frenet vectors, curvature and torsion
of the curve « are given, respectively, by

Ts = N,
—Ra To
Ns = To + Ba,
VEE + T2 “ K2+ T2 “
TO( HO(
B5: T + B 9
N R

ks = /K2 + 12,

’ ’

KaTy — Takg,
RS+ T2

Definition 4.1. Let a curve 6 be a nondegenerate curve normal-integral curve of
the curve a. A curve §* is called a Mannheim curve for the normal-integral curve
0 if the normal of the curve § coincides with the binormal of the curve §* at the
corresponding points i.e By = Nj.

Ts =

Theorem 4.1. Let the curve § be a nondegenerate curve normal-integral curve of
the curve a. If §*(s) is a Mannheim curve of 0, then

0*(s) =d(s) +

C
2 (~haTa + 7aBa),

2
K§ + T4

where co 1is constant.

Corollary 4.1. Let the curve § be a nondegenerate curve normal-integral curve of
the curve a. If 6*(s) is a Mannheim curve of §, then the distance between § and §*
at corresponding points is constant.

Corollary 4.2. Let the curve § be a nondegenerate curve normal-integral curve of
the curve a. If 0*(s) is a Mannheim curve of §, then the angle between the tangents
of 6 and §* at corresponding points is not generally constant.

Proof. Let 03(s) be the angle between the tangents of the two curves § and 6*, then
we can write

cosfs =< Tg«,Ts > . (4.1)
By differentiating Equation (4.1)) , with respect to s, we have:
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*

d d
Ts cos 3 =< mg*Ng*d—SS,Tg >,

which is not zero. Therefore, 03 is not constant.
O

Theorem 4.2. Let §(s) be a nondegenerate curve normal-integral curve of the
curve a(s), then §*(s) is a Mannheim curve of the curve 6(s) if and only if

ca(KE+73) = ks,
and , )
Tsks — Tskg > 0.
where co are non-zero constants.
Proof. Let 6*(s) be a Mannheim curve of the normal-integral curve,
0%(s) = 0(s) + caNs. (4.2)
By differentiating Equation , we obtain:

10[Ts+ = [1 = cars|Ts + ca7s Bs, (4.3)
where |§| = %. Also, we have:

Ts« = —(sin 04)T5 + (COS 94)35, (44)

N« = (cos84)Ts + (sinby) Bs, (4.5)

where 6, is the angle between Ty« and Bs which is constant. Therefore, \5 | cos O3 =
co7s and —|d|sinfy = 1 — coks.
Then we have:

coTssinfy + (1 — cakg) cos By = 0. (4.6)
By differentiating Equation (4.4]), we have:
K+ Ng« (5| = —c08 040} Ts — |15 cos 04 + ks sin 04] N5 — sin 0,0, Bs. (4.7

and by inner product of Bs« = N5 with Equation [£.7] we obtain:

Ts cos by + ks sinfy = 0. (4.8)
From Equations and , we have:
ea(K5 + 73) = ke, (4.9)

By differentiating Equation (4.8]), we have:
o — TsKY — T5Ks
2 2
Ky + T
We obtain that ) is negative from Equations (4.5 and [4.7)). Then,
7'5,%:; - T(;m(s > 0. (4.10)
Conversely, suppose that Equations [4.9]and are satisfied. By differentiating
Equation [£.2] and by using Equation .9 we can get:

. CaTs
0T+ = %6[76T6 + ks Bs). (4.11)
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By differentiating Equation and by using Equation [£.10, we can get that the
curve 0*(s) is a Mannheim curve of the normal-integral curve. O

Theorem 4.3. Let the curve § be a normal-integral curve of the curve . Assume
that 1 — cors > 0. If §*(s) is a Mannheim curve of §(s), then the Frenet frame
{Ts+, Ns~, Bs~} of the curve §*(s) is given in terms of the Frenet frame of the curve
a by

1
Ts+ = ———|(1 — caks)T5 + co75 Bs],
5 m[( 2k5)Ts + co75Bs)
1
Ng«» = ——|cosTs + (coks — 1) Bs],
5 m[zﬂs 5 + (c2k5 — 1)Bs]
Bs« = N,
where
Tﬁ—Naa
N5: —fa Ta To as
VK + T2 K2 + 72
Ta Ra

&
I
Q

Theorem 4.4. Let 0 and §* be two Mannheim of the normal-integral curves, then
the curvature and the torsion of the normal-integral curve are given respectively by:

K§ K§T§ — TsKl

R§+ = — 5o~
coTs (K2 4+ 73)3/2
2, .2
_hs+ 75
T =—2—2
Ts

where

I{aT(; — Ta n;

4.2. Mannheim Curves of the binormal-integral curves in E3. In this sec-
tion, we define the Mannheim curves of the binormal-integral curves in E3. In

each case, we introduce the Frenet vectors, curvature, and torsion of the Mannheim
curves.

TS5 —

Proposition 4.2. For a(s) non-degenerate (o' x o # 0) in E3. Let a curve o
be a binormal-integral curve of the curve «, then the Frenet vectors, the curvature
Ko and the torsion T, of the curve o in terms of the Frenet vectors, curvature and
torsion of the curve o are given, respectively, by

Ta :Bom
Na = _Nou
Bo- :Taa
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Roe = Ta
To = Rq-

Definition 4.2. Let a curve o be a binormal-integral curve of the curve a. A curve
o* is called a Mannheim curve for the binormal-integral curve o if the principal nor-
mal of the curve o coincides with the binormal of the curve o* at the corresponding

points, i.e BX = N,.

Theorem 4.5. Let the curve o be a binormal-integral curve of the curve a. If
0*(s) is a Mannheim curve of o, then

0*(s) = o(s) — A2Na,
where Ay is constant.

Corollary 4.3. Let the curve o be a binormal-integral curve of the curve . If 0*(s)
is a Mannheim curve of o, then the distance between o and o* at corresponding
points is constant.

Corollary 4.4. Let the curve o be a binormal-integral curve of the curve «. If
o*(s) is a Mannheim curve of o, then the angle between the tangents of o and o*
at corresponding points is not constant.

Theorem 4.6. Let o(s) be a Mannheim curve of the binormal-integral curve. Then
o(s) is a Mannheim curve if and only if

Ag(n?, + 73) = Ko,

and
’

’
Tokg — Tokg > 0.
where Ay are non-zero constants.

Theorem 4.7. Let the curve o be a binormal-integral curve of the curve . If
o*(s) is a Mannheim curve of o(s), then the Frenet frame {Ty«, Nox, By} of the
curve o*(s) is given in terms of the Frenet frame of the curve a by

1 120
Ta* = Ta+ Bom
Vv +1 Vi +1

Na* = _Nou
Vo 1
= Ta_ Bou
\/Vg—&—l \/y22+1

Theorem 4.8. Let o and o* be two Mannheim of the normal-integral curves, then
the curvature and the torsion of the binormal-integral curve are given respectively

by:

B+«

(VTa — Ka)
Agko (V2 —1)’

Kox =

2,20 n 2 2 2 3 I
= ASKL (VR — VEGTS + Ko Ta) + V(VKL T — Ko + KLY)

Tor = At (v — ria) (L + 12)
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5. EXAMPLE

Let’s consider the following unit speed curve given in Figure [T}

as) = (\2 cos(s), \%sm(s), \%) , (5.1)

This is a circular helix, which is a non-planar curve.

5.1. Frenet Frame. Let’s compute T, N, and B using equation (2.1):

T(s) = /(s) = (\1@8111(5), % cos(s), %) , (5.2)
o (s) = <¢1§ cos(s), f% sin(s),O) , (5.3)
N(s) = = (—cos(s) (). 0), 6.4
B(s) = T(s) x N(s) = (\}i sin(s), _% cos(s), \}5) . (5.5)

5.2. N(s)-direction Curve. The N(s)-direction curve 3(s) is given in Figure

5(s) = [ N(s)ds

= /(— cos(s), —sin(s),0)ds

= (—sin(s), cos(s),0) + Cq, (5.6)

where C1 is a constant vector.

5.3. B(s)-direction Curve. The B(s)-direction curve «(s) is given Figure [3| by:
~v(s) = /B(s)ds

= / <\}§ sin(s),—% cos(s),\}ﬁ) ds

cos(s), —— sin(s),s) +Cy (5.7)

- <_¢§ V2 V2

where Cs is a constant vector.
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Original Curve a(s)

I

Y

FIGURE 1. The original circular helix a(s)

N(s)-direction Curve 3(s)

FIGURE 2. The N(s)-direction curve f(s)

CONCLUSION

In conclusion, this study enhances the comprehension of Bertrand and Mannheim
curves as they pertain to normal-integral and binormal-integral curves in Euclidean
3-space. It has been shown that the distances between corresponding points on these
curves remain unchanged, and distinctions have been identified in the behavior of
angles between tangents for Bertrand and Mannheim curves. The research further
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B(s)-direction Curve ~(s)

T 0.5 -0.5

Y

FIGURE 3. The B(s)-direction curve v(s)

provides crucial criteria for determining whether normal-integral and binormal-
integral curves can be classified as Bertrand or Mannheim curves, contributing to
the broader understanding of these geometric entities.
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