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ON BOUNDEDNESS AND COMPACTNESS OF THE
HADAMARD-TYPE FRACTIONAL OPERATORS IN MORREY
SPACES

MOHAMMED KHIRANI, ABDELKADER SENOUCI AND BENALI HALIM

ABSTRACT. The objective of this work is to establish the boundedness and
compactness of Hadamard-type fractional integral operators in classical Mor-
rey spaces. To prove the boundedness and compactness of these operators,
we use respectively some results of [7] and Theorem [3, Th. 1.12 ] which is
based on well-known Freche-Kolmogorov theorem. Moreover , we deduce the
boundedness and the compactness of Hadamard fractional integral operators
in the same spaces.

1. INTRODUCTION

The classical Morrey spaces were introduced by Charles Morrey in 1938, in con-
nection with the investigation of the properties of solutions of quasi-linear differ-
ential equations. Also they are applied in functional analysis and other fields of
mathematics. In the last decades, the boundedness and compactness of integral
operators in Lebesgue spaces, Morrey spaces and Morrey-type spaces have been
actively studied for example ( see [1],[2],[3],[5],[6] and [7]).

Definition 1.1. Let Q C R"™ be a Lebesque measurable set, 0 < p < 00,0 <\ < %,

The Morrey space M;‘(Q), is the space of all functions f Lebesgue measurable on
Q for which
Wflhaay = sup 7 MIfllL,Berne) < o0 (1.1)
teQ,r>0
where B(t,r) is the open ball in R™ centered at the point t of radius r > 0.
If A =0, then
MS(Q) = L,(Q). (1.2)
If \= 2 then

P )

n

M7 (Q) = Loo (). (1.3)
If p = oo, then (1.2)) coincides with (1.3)).
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IfA<0orA> %, then the space M;(Q) consists only of functions f equivalent
to 0 on €.
If 0 <A< 2, Mp(Q) is a quasi-Banach space (Banach space if 1 < p < o0).

We use the following definition (see [4]).

Definition 1.2. Let Q = (a,b),(0 < a < b < o0) be a finite or infinite interval of
the half-azis RY. We consider the left-sided and right-sided integrals of fractional
order a € C (R(«) > 0) defined by

(HE, f)(2) = ﬁ / (log f)a‘l@d& (a<a<b) (1.4)
and

(Hf)(z) = ﬁ /: (log 2)“‘1@@, (a <z <b), (1.5)
respectively.

The fractional integrals, more general than those in (1.4)) and (L.5) with 6 > 0,
are defined by

(H3+,5f) (x) = ﬁ /l (;)6 (log %)ail@ds, (a<z<b) (1.6)

and

b S\a-1f(s
(Hy 5f)(x) = ﬁ/ (;)6 (log E) 1%)ds, (a <z <b). (1.7)

2. MAIN RESULTS

The following lemma was proved in [7].
Lemma 2.1. Let a € R",b € R*, —c0 < a; < b; < 00,i = 1,...,n and Q(a,b) =
{reR" a; <z; <b,i=1,...,n}, and 0 <p<o00,0 <A< %. Then
11 Ly < 1y = al il @any) (2.1)
for any parallelepiped Q(a,b) and for any y € Q(a,b).

By putting Q = (a,b) = {z € R,0 < a <z < b < oo} in Lemma [2.1] we deduce
the following inequality which is useful in the proofs of main theorems

1f 1 Lp(ae) < (@ = MIFlIa2 (@) (2.2)
for any x € (a,b).

Theorem 2.2. Let1<p§oo,0<q§oo,0§)\§%,Ogug

§ > 0. Then HZ, 4 is bounded from M) (a,b) to M} (a,b).

%,%<a<1,
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Proof. Let f € M} (a,b), z € B(t,r) N (a,b) # 0, t € (a,b),r > 0. By using Hlder’s
inequality, we obtain

@zsn@] = | [ C) (oe)™
1

IA
=3
L
m\H

p—

((;)5 (1) (bgf)“)"plds} TlufuLp(m
<

IN

P p—1

T s Iffp e T (04*1),,?1 5
/ 7) ' sTop <log ) ds] HfHLp(a,m)'
o \Z s
x Sp_ (a—1) =L —
LG (o)
o \T s

We set

By change of variable s = xze™", we get
0
log % ijl
= (/ x(lz"Jrl)eT(zﬂl)r(al)p’)ldT)
0
log £ By p=1
- (/ x(”’>67(”11)7(°“1)zfﬁd7> ”
0
-1 » % log . %
< 2(2)(5) <e(xfl)1oga) (/ T(a—np_lm)
0

I Il
Q‘ 8
|
T= LI
N/~~~
O\_. ISHRS
2 S|
p‘}g /\
TS5 —
® g
| [
= o8
\‘v B
M
o Q
\j/ =
kel
v‘ 1
Q
\]
~__
k]

Thus
_1 1 p—1 a—1
a P p_ P P
2,0 < e (25) T (082) st = Collf o
where
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By using inequality (2.2)), we obtain

|(H3+,5f)($)| < Ci(x - a)/\||f||MI§‘(a,b) <Ci(b— a))‘||f||Mg(a,b),
thus
((He 5 /) (@)] < C1(b = )| f1ar aup)- (2.3)
Integrating over B(t,r) N (a,b), we get

I[Hoy s fllL,Btmn(ap) < Ci1(b— a)A||1||Lq(B(t,r)ﬂ(a,b))||f||M$(a,b)-

We have .
(2r)s  : 0<r<b—a,
1 T a S 1
Iz { (b—a)s :r>b—a.
Now, we distinguish two cases.
If0<r<b—a, then

— a - i
P H sf Ly Bnn@ey < 2 CH0 = )M fllan a)
= 2000 (b = )MIf |l )
1 a4l
< 20C1(b—a) " (b — &)MIf Il )

1
Co(b—a)a “||f|\M,§(a,b),
where Cy = 256’1. Consequently

_u 1_
sup rt ‘|Hg+,5f‘|Lq(B(t,r)ﬁ(a,b)) < Ca(b - a))‘+q ”|\f||M{)\(a’b). (2.5)
te(a,b),0<r<b—a

If r > b— a, then
rHIHS sllL,Btrn@p)) < 7H(b—a)iCi(b— a)A||f|\M3(a,b)
_ 1
< Ci(b—a) (b= )T fl a2 a)

1_
=Ci(b—a)*ta H”fHM;‘(a,b)-
Then

_ o 1_
sup M HE 5l Bern@e) < Crld— )M T [ fllaa@p (26)
te(a,b),r>b—a

‘We have
[ Het 5 fll a1t ot

= max{ sup M HZ s fll Ly (Btmn(ab)s sup M NHG s Fl Ly (B(trn(ab)) }
t€(a,b),0<r<b—a t€(a,b),r>b—a

Finally, by (2.5) and (2.6), we get
1_ "
||Hg+,5f|‘M4‘(a7b) < Ca(b— a)/\+“ ' ||f||Mp*(a,b),
it follows that
Ha Y sz ap) < Csllfllara ap)s

where Cy = Cy(b— a)*t o+,

The proof is complete. O
Remark. Hj' ; is a bounded operator from M;‘(a,b) to M} (a,b) (the proof is
similar to that of Theorem .
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Remark. If we put = 0, we get the boundedness of Hadamard operators HY', , Hy*
from sz\(a, b) to M}'(a,b).

In [3] the Morrey space LP*1(R™) is defined as follows

N
LPMR™Y) = {f € LY, || fll o mey = Sup TTIHfHLp(B(t,r)) < oo},

eR™,r>0
where 1 <p<oo,0< A1 <n,n>1. If)\:%,0<)\<%7wehaveLp’/\1(R”):
M) (R™).
We will work on the following subspace of M (R)

M) o(R)={f €M)R): f=00nR\(a,b)}. (2.7)
Let for —oo <a <b <00, yap: M;)(a,b) — Mgg\,a,b(]R)’
s on (a,b),

Taelf) == {O on R\(a, b). (2:8)

Proposition 2.3. Let 0 <p <00, 0 <A < %,—oo <a<b<oo. Then
(1) b is bijective.

(2)
max { (b = @) M1z, (00 1 sy b < e (Dllany w0

< max {(6 = &) 111, 00 22 W as ) }-
(2.9)

Proof. (1) Suppose that f,g € M;‘(a,b) are such that y(f) = f = v(g) = § on
]\@a’b(a, b), since f = § a.c on R, thus f = g on sz‘ga, b), and 7, is injective.
Vf e M[ia,b(a,b) af € Mg‘(a,b) such that v(f) = f, then 7, is surjective. We
deduce that 7, is bijective.

(2) Note that

sl = 51 5w Ml )l o rernasy = max (I, Io, T, T, T .
p,a, —oco<t<oo r>0
where
Iy =sup sup T7A||f||Lp(a7t+T)’
t<a a—t<r<b—t
I, = sup sup 7“_’\Hf||Lp(a,b)’
t<a r>b—t
I3 = sup sup 7"7/\||f|‘Lp((t—r,t-‘rT)ﬂ(%b))’
a<t<br>0
I, =sup sup T_A”fHLp(t—r,b),
t>b t—b<r<t—a
Is = sup sup r M| fllL, (ap)-
t>b r>t—a
By inequality (2.2))

I

IN

A
t—a
o swp (1) Wl

t<a a—t<r<b—t

sup 21 £ 11022 by = 2111223 (0.t
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Clearly,
I = igp(b — )Mz = 0 —a) M fllL, @)

and
I3 = || f1la23 (a,)-
Moreover, for similar reasons

A
s s (T 1) W lagen = 2l
and
Is = (b= a) MIfllL, (-
Consequently, inequality follows. ([

By putting n = 1 in Theorem [3, Th. 1.12 ], we deduce the following Lemma.

Lemma 2.4. Let 1 < g < oo and 0 < p < %. Suppose the subset D in MF(R)
satisfies the following conditions:
(1) Uniform norm boundedness

sup ||f||M}1"(]R) < 0. (2.10)
feD
(2) Uniform translation continuity
lim sup || f(- +y) = f()llaz @) = 0. (2.11)
y—>0+ feD
(3)
Ghm sup ||fXEeHM[1‘(R) =0, (212>
—00 feD

uniformly in f € D, where Eg = {x € R : |z| > 0}. Then D is a strongly pre-
compact set in M}'(R).

Theorem 2.5. Let 1 <p <o00,1 <qg<o00,0< A< %,%(1+%)<a<1,0§(5§
1,o<u< % .
Let f € Mﬁa,b(R), 0 <a<b<oo,then A is a compact operator from M;‘,a’b(R)
to My, ,(R), where
X(ap) () /m<8>‘5( I)“flf(s)
A = — log — d R.
fla) = e [(2) (10 %) L, e

Proof. For any z € R, Af(z) = X(ap) (®)Hg, sf(v). By assumption, for every
p > 1, we have % < %(1 + %), hence % < a < 1. According to ([2.7)), Proposition
and boundedness of H, 5, we get

‘|Af‘|M;a)b(R) < max {(b - a)_/\HHng,sfHLq(a,b)’ 2)\||Hg+,5f||M{1‘(a,b)}
< max {03(6 —a) £z, (b 2’\C3||f||M;(a,b)}

< 2>\CS||fHM;a’b(R)v (2.13)

where C3 > 0 is independent of f & Mp’\7a7b(R).
Let F be an arbitrary bounded set in M}

ap(R), then there exists M > 0 such
that || f|| > L&) < M for every f € F.
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(1) By using (2.13)), we have HAfHM;‘a J(®) S 2 O3 M, for every f € F.
Finally 7
sup Hh”]\/jﬂa b(R) S 2)\03M < 0.
hEA(F) e

a) By definition of A, for all & (a,b),y > 0 sufficiently small such that « +y &
(a,b), we have

|Af(x +vy) — Af(z)| = 0. (2.14)
b) For = € (a,b),y > 0, sufficiently small such that z +y € (a,b), it follows that

s+ - ) = [ [ () (o) T g (2 (10 ) L,
=il [ (555) (o5 e [ (L) (e ™) s
[ G) (o) e

< [ (555) (on 20T (2 )

crial [ () (e e
=J; +J;
Thus
n= el [ () (o™ 0y™ (27 (12 S0y

ds

(
M“lsMYW@ﬁdwv
(

Now, we distinguish two cases.
a) If 0 < § < 1, we use the well-known inequality (z +y)? < 2% +y# if 2,y > 0,

0 < B <1, thus

@7 @ ((os=2) ™) - () (1022) e
(@) )6 )y

NS (2)% (1og %)2(1_@ ’
o (o) 7 = (roez) T @ (o)
B r(la) /a ( [ : (2)* (ig i)zjcv) : ) ) (If(s )|>ds
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By using the following inequality |2° — y®| < |z — y|? if 2,4 > 0 and by putting
B8 =1—a, we get

L (2 (log=2) 4 (1)° (1og 22
oty (LU )y

() (roz)™ "
s L[ @) @) () ] ) ey
r

l-a 25 2(a—1)
1 [ sta-1,1-a —5+y58—5(10g95+y) ] (f) (logg) ’f(5)|d8
S x S S

IN

I(a)

. max(q o1, pita=lyl-a *5+y5a*5(logg)17a /1 (f)%(log £>2(a_1)’f(5)|d8
() 0 \Z s s

Now, we conclude that

Jy < Cu(yt = +¢°) /: (f)% <log i)Q(al)mj)‘ds, (2.15)

X

11—«
max (maux(aé'*‘a_l7 pota—lyg=0 q=9 ( log 2) >

[(c)
By applying classical Hlder’s inequality, we obtain

where Cy =

s T % . 2 2((171)})%1 %’1
Sy < Caly=— 4y ){/ (E) sl—P(log 8) ds] 1112 (e (216)
Let
x 26p . 2(a—1) 525 ijl
IO CH R
o \T S
By change of variable s = ze™", we get
log & 5 P %
J{ _ </ €<;2—1P)T(:L’67T) 17;,7_2(0( l)p Tre Td7_>
0
log% » v prl
< </ L (T5+1) om(52-1) L2(a-1) 525 1d7-)
0
log % N ijl
= (/ x(m)e‘r(p 1) 2(a-1)52 1d7->
0
p—1 p—1
. e - log =
< m(ﬁ)(Tl) (e(p l)lo’ga) ! (/ 7—2(0‘ D3 1d7—> !
0
A og ¥ .
_ % P ( 2(0( 1)p 1d7’)
g p=1

2(a l)p ldr) P '
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From 1 (1+ %) < a, it is follows that 25 (1+ Z%) - pszl < ;‘%ﬁ — %, consequently
) [% —1] + % <2(a—1);57 + 1, then 2(a — 1) 25 + 1 > 0. Therefore

T p—1 p—1

0 2ap —p—1 a

1 r= p\20-1-3
< Pz log — .
20p—p—1 a
From (2.16)), we deduce
1 p=1 b 20—1—1
1—a 5y, —< p—- v ’ 11—« )
J1 < Culy “+y°)a <2ap—p—1> <log a) I, @e) = Cs(y ~“+y° ) fllz, (@)

where

p—

1 1
) 1 - b 204—1—;
Cs=Cha » _P=- log — .
20p—p —1 a

By inequality (2.2)), we obtain
N < Cs(y' ™ +9°) (@ — ) MIfllap ey < CsM(y' ™ + ") (0 —a)*.  (2.17)

By applying Hlder’s inequality, we estimate J,

n =l () ()
< () (e
() O =) ]
R A
Let
sp e
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By change of variable s = (z + y)e™", we obtain

J, = (/ a e;fl ((CU+y)€_7—)(1p2’)7(a_1)?}—71(x—l—y)e_'rdT)
0

p—1
P

log"*"/ Ple
< (/ (@ + ) ()G (=05 1d7>
0
logT+y . L , PT’I
= (/ ( +y)(1—zv)eT(z>1)7'(al)z7ld7->
0
p=1 +y p=1
< (e 07 (et ) 7 ([T ezt 7
0

p—1

1 2ty
e (B[ )
€T 0
1< log 2+v =l
< av /
0

T (- 1>p1d7) "
Since%<0¢<17 (a—l)p%l+1>0. Consequently
log £ 25t AN (525) (25%)
(o) - (27 (2
0 ap—1 T
p—1 ap—1
p_]_ P g P
ap —1 T
=1 1
o) O
ap —1 a '

IN

Thus

1

p—1

a » p—1 P Y a—1
J: = .
)< p )||f\|L o) S T )<ap1) () 7 Il

Since z,z +y € (a b), we obtain (z,z +y) N (a,b) = (z,z + y), then
(z,z+y) = B(x+%,%), where B(z + ¥, %) is the open ball in R centered at the
point x + 4 of radius ¥.

2
Note that
1 flag2(ap) = sup I, (Btr)n(an)
te(a,b),r>0
> r | f]]
L, (B(tr)N(a,b))
t=$+%qr=%
Yy >
= (%) A
Ly ((ab)nB(a+4, %))
= 2)\y_k|‘f||Lp(z,a:+y)7
hence

-1
2 g p—1 K Y X
< “Tp < M 2.1
Jy < o) (ap_ 1) Y Pl ar ap) < CeMy™, (2.18)
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p—1

2 g p—1 P
[(e) \ap—1 p
Taking in account (2.17)) and (2.18)), we arrive at
Af (@ +y) = A @) < Mxan(@)(Cs' ™ +57) (b - a)* + Cop?)
< CrMx(ap) (@) ((yl’a +y°)(b—a)* + yk),

where C7 = max(Cs, Cg). Then

~ 1
and A\ =a— -+ \.

where Cg =

A

NAf(+y) = AfOlle,Beryy < CrMIX(ab) L, B, ((ylfa +)b—a) +y*
CrM|11[ Ly (B(t,r)N(ab) ((ylfa +y°)b—a) +y )

Next, we distinguish two cases. By (2.4), we get
(1) If 0 <r <b—a, then

rHAfC+y) = AfOllL, ey < 7’7”(27°)%C7M((y17a +4°)(b—a)* + y’_\)

— 2%077“%7”M((y1_°‘ + y‘s)(b — a))‘ + yS\)

N—

< CGab—a)i My + )b -0 + ),

where Cg = 2507.
Thus
1_

sup AT +Y) = AT Ol < Cslb—a) T M (0" o) (b—a) +47).
teR,0<r<b—a
(2.19)

(2) If r > b — a, then
—p —u 11—« S A by
FHAFC+9) = AF Ol < 70— CM (10 450 (b — ) + )

< Crlb—a)i M (' 4y - ) + ).

Q=

Thus
sup 1 HIIAF(+y) = AFO)llny (B < CrM(b—a)i " ((yl_a +y")(b—a)* + yx),

teR,r>b—a
(2.20)
‘We have

IAFC+9) = ATOl e, o)

—wax{_swp A AT Ol s

teER,0<r<b—a
Consequently, by (2.19)) and (2.20]), we obtain
1_ o 5
IAFC+9) = AFOlle, @ < Cslb—a)i M (W'~ +y7) (- a)* + )
Co(y' ™ +9°) + Cuoy
< max(Cy, C10)(y17a + 90+ y’\),

rHAf (A —ALOllg ey }

—a

IN
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where Cg = CsM (b — a) “Hand Cyg = CsM (b — a) ~#. Then

lim su Af(-+y) — : . =0,
woweﬁn” FC+5) = AFOllaee, @

uniformly in Af € A(F).
b) Now we will deal with the case § = 0, by using the inequality |2° — 35| <
lz —y|?, z,y >0,0<B <1, we get

Jio= ﬁ /am [(log a : y>1—°‘ - <log i)l_a] (log %)2(‘1_1) |f(ss)‘d5

<t [ () )
o [T a-1) |f
< ()7 (e
o w0 |£(s)
< g ()7 ()" e
Thus
Ji < Oyt /z (logg)z(a_l) Wj)’ds, (2.21)
WhereC'u:FO([;;

By the same proof as previously mentioned, we can obtain

JAf(-+y) — Af(')HJVI;"a,b(R) < Cra(y' " +9Y),
where C12 > 0. Thus

i, Wiy ASC+y) = AFOllag, @ =0,
uniformly in Af € A(F).
(3) Let Eg = {z € R, |z| > 0}, thus (Af)xp, = 0 for any f € F and 6 > b.
Then
sup |[(Af)xg,llare @y = sup  sup rH(Af)xE, (B =0,
AfEA(F) @ AfEA(F) teR, >0
and
® =0,

ap(R

911111 sup ||(Af)XE, || are
o0 AfEA(F) B

uniformly in Af € A(F).
By Lemma we conclude that A(F) is strongly pre-compact in M}, ,(R).
(R) to M i (R)
O

Since F' is bounded, then A is a compact operator from M)

p,a,b q,a,b

Let the operator A* defined as follows

* @ [*E\S L syanf(s
Af(x)X(F(Z)/gC (;)6(log;) %ds, x eR.

Corollary 2.6. If the operator A* satisfies the assumptions of Theorem[2.5, then

A* is a compact operator from M;‘a p(R) to MY (R).
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The proof is similar to that of Theorem 2.5
Let the operators T and T* are such that T,T* : MpA,a,b(R) — M}, ,(R), where

Tf(x)= X(ab)(x)/w (log E)Ol_lf(s)ds, x € R,

S

') s
and
T f(z) = W /: <log g)a_l@ds, z € R.

Remark. By setting § = 0 in Theorem|2.5, we conclude that T and T* are compact

operators from M;"a,b(]R) to M, ,(R) .
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