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ON L!'-CONVERGENCE OF MODIFIED COMPLEX
TRIGONOMETRIC SUMS WITH NEW GENERALIZED CLASSES

SANDEEP KAUR GILL, JATINDERDEEP KAUR, S.S. BHATIA

ABSTRACT. In this paper, new classes of numerical sequences denoted by JS¢
and JS§ are defined which are the generalization of Krasniqi classes K and K2.
Also, complex form of modified cosine and sine sums which were introduced by
chouhan, Kaur and Bhatia [2] is obtained. Moreover, L!-convergence of com-
plex trigonometric series has been studied under the new generalized classes
of numerical sequences.

1. INTRODUCTION

Let {q;, k=0,%1,£2,...} be a numerical sequence of complex numbers and let

k=00 .
> gge* (1.1)

k=—o0

be the complex trigonometric series with its partial sums

k=n
Su(Crt) = Y qie™ s ne{0,1,2,..}. (1.2)

k=—n

L'-convergence of complex trigonometric series has been studied by various authors
such as Stanojevi¢ C.V. and Stanojevi¢ V. B. [10], Sheng Shu Yun [9], Mdricz F.
[8], Chen C.P. [1], Bhatia S.S. and Ram B. [3], Bhatia S.S., Kaur K. and Ram
B. [4], Tomovski Z. ([I1], [12]), Kaur J. and Bhatia S.S. [5], Krasniqi X.Z. ([6],
[7) by defining new classes of coefficient sequences or by introducing modified
trigonometric complex sums. In 2010, Kaur J. and Bhatia S.S. [5] have introduced
complex trigonometric sums as

int

i q%ei(n+1)t _ qinefi(nﬁLl)t + q;+16int _ qc—(n+1)67

2sint (45 = Gn42) En () + (42 (r40) — 450) E-n(t)

gn(c7 t) = S’IL(C7 t) + (13)

and studied its L'-convergence with class J* of coefficient sequences.
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Definition 1.1. [5] A null sequence {g¢} of complex numbers belongs to the class
J* if there exists a sequence {Qy} such that

(7) Qi 10, as k — oo,

(i) > kQx < oo,
k=1

A(MMSQk,Vk.

(i) - p

Krasniqi X.Z. ([6],[7]) defined the new classes K and K? of numerical sequence
of complex numbers as:

Definition 1.2. [6] A sequence {gf} of complex numbers belongs to class K if
klim gi = 0, and there exists a sequence {Q} such that
—00

(Z) Qk\LOa a*Sk*)OOa

(i) Z kQj < oo,
=1

(iid) max{'A (‘Z“) A(i’“))}g%, ke{1,2,..).

Definition 1.3. [7] A sequence {¢f} of complex numbers belongs to class K? if
klim g, = 0, and there exists a sequence {Q} such that
— 00

9

(i) Q0 ask— oo,

() > KRG <.

k=1

(iid) max{‘Ag(q]E) A2<q;’“)‘}<%, ke{l,2,..}.

and studied the L'-convergence of complex trigonometric sums ([1.3)).

)

Theorem 1.4. ([6], [7]) Let ¢ belongs to the class K(or K?). Then
(i) li_>m gn(C,t) = f(t) exists for |z| € (0, 7],

(ii) f € LY (0, 7] and ||gn(C,t) — f()||zr — 0 as n — oo,

(iii) ||Sn(C,t) — f(®)||Lr — 0 as n — co.

In 2019, Chouhan S.K., Kaur J and Bhatia S.S. [2] have introduced the modified
trigonometric cosine and sine sums as

=" lngl +y A2 (q?> k cos kt (1.4)
k=1 T j=k J
and
gn(t) = Z ]Z]i:ll + ZAQ <qJ> ksin kt (1.5)

~
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and studied their L!'-convergence. The complex form of (1.4) and (1.5) is given by

1 .
n+1
i (&
—5 |G B € an EL (0] (16)

The new classes JS® and JS§ of numerical sequences which are the generalization
of the classes K and K2 respectively are defined as follows:

Definition 1.5. A sequence {¢f} of complex numbers belongs to the class JS*
if ¢¢ — 0 as k — oo, and there exists a nonincreasing sequence {Qx} such that

> Qrlogk < oo and
k=1
qy Qk
Al — <= 1,2,...}.
(k)‘}_k kefl2,..}

mec{fa ()

Remark. If {g;} belongs to the class K then {qf} belongs to the class JS°. But
the converse need not be true.

)

Example 1.6. Let {¢{} be a sequence whose general term is ¢f = +, k € {1,2,3,..}.
Then ‘A (qi—") < 2 = %7 Qr = & 10, and Z logk 50 which implies

k

g € JS°. But Z #£ oo which means {¢%} does not belong to the class K.
This example shows {¢5} € JS° but it does not belong to the class K.
Definition 1.7. A sequence {¢f} of complex numbers to class JS; if ¢ — 0 as

(o]
k — oo, and there exists a nonincreasing sequence {Qy} such that > Qxlogk < oo

k=1
2 [ 4
max { ’A (k >

<y Qx
A? (k)‘} <13 ke{l,2,..}

Remark. K? C JS§. But the converse need not hold.

and

)

Example 1.8. Let {¢};} be a sequence whose general termis ¢f = +, k € {1,2,3,..}.
Then ‘AQ (qi—’“>’<k%:@“, Qr =110, and Z logk<oo.

Hence {¢} € JS5. But Z 1 ¢ oo which means {q} does not belongs to the class

K2. -
This example shows {¢¢} € JSS but it does not belongs to the class K2.

The aim of this paper is to study the L'-convergence of trigonometric series
using complex modified trigonometric sums (|1.6)) under the new generalized classes
of coefficient sequences.

2. LEMMAS

The proof of the main result is based on the following lemmas out of which first
two are given by Sheng [9]

Lemma 2.1. [9] || D, (t)|| = 2(nlogn) + o(n).
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Lemma 2.2. [9] ||D/,(t)|| = o(nlogn).

Lemma 2.3. [3] Let r be a non-negative integer and 0 < € < w. Then there exists
M, > 0 such that for all e < |z| <7 and alln > 1,

(i) |ES ()] < Mt

(ii) |EV) (#)] < Meen”

[t

(iii) | D (1)] < 2

IO

(iv) | D ()] < M,

where D, (t) and D, (t) denotes the Dirichlet kernel and conjugate Dirichlet kernel
and E,(t) = Y et
k=0

3

Lemma 2.4. [7]Let r be a non-negative integer and 0 < ¢ < w. Then there exists
M,e > 0 such that for all e < |z| <7 and alln > 1,

2

(i) |E(1)] < Mg

.. — . "2
(id) | B, (1)] < M,

I
M=
&=

where E,(t)
3. MAIN RESULTS
Theorem 3.1. Let {qf} belongs to JS®. Then
(i) lim K,(C,t) = f(t) exists for all z € (0,7],
n—oo
(ii) f € LY (0, 7] and || K, (C,t) — f(t)||z: = o(1) as n — o0,

(iii) ||Sn(C,t) — f(®)||zr = o(1) as n — oo.

Proof. Firstly, we will show that f(¢) exists in (0,7]. The complex form of the
modified sums is

)

i C C
[ ACE 0]

n+2
€ ot c i c c
= qo + Z qr€ kt n+ 1 |:Qn+1E ( ) Q—(n+1)El—n(t):| - m |:qn+2E;L(t) - q—(n+2)E/—n(t)
k=—n
k=n qc qc
_ k. ikt —k . —ikt : Ly c '
= qo+ kz_l ( p ket 4+ p ke ) + +1 [quHEn(t) qf(n+1)E7n(t)i|

7

g |G BaD) — 0 B (0]
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Apply Abel’s transformation, we get

n—1 c
k=1

K,(Cit) = ¢ —i

ZA(q 4) B + SR 0

1
Jrn—|—1

}
B S B

)
n+2

RS AGET - [qu () - (W)E'_n(t)]

Ku(Ct) < |q3+kzijl[A(f)||E;;<t>|+jA(qjj>\|E'_k<t>|}+\q"f2 12,(1)
sl

Using Lemma [2.3] we have

e o ()] o (5)] ]

2Mre
< lggl+ B {ZQk+2M}<OO

where M is a positive absolute constant.
Since {¢;} € JS°. Therefore, lim K, (C,t) = f(t) exists.
n—oo

A

[Kn(Ct)] < g5

For proving (ii), consider

- qc 7 qi —1 i c c
fO) - Ka(Ct) = < ket ke kt)m[%HE%“)q—<n+nE'—n<f>]
k=n-+1

¢ C / c U
+TL ) [qn+2En(t) - q—(n+2)E7n(t)} .
Apply Abel’s transformation, we have

0K = Y [a (%) s+ a (D) w0

k=n+1
s B () — ¢ i Bt
g [ ) = 6 iy B (0
- qc ! qi qn !
so-racol < 3 [la(%) izl + s ()] 1ol +| 223 im0l
k=n-+1
|l o)
n+2 -
q,‘z qc_k n c n c
LT N O N i " "
< W {ZfH (k)‘ ’ (k)H+n+2%+2'+n+z'Q—<n+Z>}
< |t| [Z k=t 4 Z k +\qn+2|+\q (n+2)|]

k=n-+1 k=n-+1
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M, € S c c
k=n-+1
[ dt
150 KCol = M2 S | M + (lahal + 1 ) [ 1
k=n-+1 0
S Mre [2 Z Qk: logk + (|Q7Cz+2| + |qc—(n+2)|) logn‘| -
k=n-+1
Now, we note that
> Qilogk =o(1)
k=n-+1
and
165 () o] 1 = (n+2)1 L) = (n+2)1 i A (G
At (nt2)llogn = (N ogn nto | n ogn .
k=n-+4+2
< Z klogk’ (qi’f)‘
k=n-+2
< Z Qrlogk = o(1).
k=n-+2
Subsequently, we get
[|f(t) — Kn(C,t)||pr = o(1) as n — oo.
To prove (iii),
||fn(t)_5n(07t)” = ||f(t)_Kn(cvt)+Kn(Cat)_Sn(cat)H
< /| (t) = Kn(C, 1) \dt+/\Kn C,t) — S (b)]dt
< / 1£(8) = Kn(C,b)]dt + / ‘ L [a B0 — 0 gy B 0] = 5 [ai2 B0 0 —qc_(n+2)Ein(t)”dt
[ dt
< /| (t) — Kn(C,t)|dt + Mrc [|q$1+1‘ + |‘Ii(n+1)‘ + lan ol + |Qi<n+2)| /7
0 0
< /If(t) — Kn(C,t)|dt + Mre [Iqim + 195 gyl + lanpal + Iqi<n+z)l] o(logn)
= o(l), n— oo.
This completes the proof of Theorem [3.1] O

The second main result of this paper is to study the L'-convergence of modified
complex form (1.6) under new class JS5 of numerical sequences is as follows:

Theorem 3.2. Let {¢5} belongs to JS5. Then

(i) lim K,(C,t) = f(t) exists for all x € (0, 7],
n—oo
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(ii) f € LY0,7] and ||K,(C,t) — f(t)||z2 = o(1) as n — oo,

(iii) ||Sn(C,t) — f(t)||zr = o(1) as n — oo.

Proof. Firstly, we will show that f(¢) exists in (0,7]. The complex form of the
modified sums is

K, (C,t)

i, . ,
Sn(07 t) + m |:QTL+1E’II’L(t) - q—(nJrl)Efn(t)}

i c /
s [ B (0) — € i B ()]

c zkt c / i c /
i S e [ B0 — € ey B 0)] = 5 [P0

k=—n

07 (2 B (1)

k=n c .
q 7 q- —1 4 c c
a6 + < 2k petkt 4 kk ke kt) + nrl |:q7L+1E7/’L(t) - q—(n—&-l)El—n(t)}
k=1
g [ B — ¢ i B )]
Apply Abel’s transformation, we get

n—1

Y a (q]j) ELL () + q;” e

K.(C.t) = qSiliA(f)E;<t>+ng<t>

k=1

+nj—l [Q"HE;L“)_‘J (1) B (t)] ~ i [qn+2 W) = ¢ o E ()}
- qo—ng(f)E;;(t)+igA(Q;)E’_k() 5 [qn+2 (1) — 0 ) B ()}

K. (Ct) = ¢5—i [nf A? (qlf EL(t)+ A (q) E',(t) gAQ (qz’“) E" (1)

#a (40) Beao)] - g [rhaBr 0 - o 0]

A
K, (Cot)| < g5+ Z HN (f)‘wk(m + ‘A (q k)‘ |E'_k |] + HA (‘f)‘ |En (1)
+‘A (t”)‘ |E’_7,(t)|} + s’:‘[ ! ()] + ‘q;(’j:;) |E,(t)].
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Using Lemma [2.3] and 2.4] we have

< a2 (e o (5]

k=1

qik 2 q% qin c c
3 () + la (B) o (5 )]+ i o

q< - ; qc
< wile {0 o () oo ()]« E [l ()] o= (5 vt oo
k=1 k=n
< |q8|+2Mre {Zszk+Zk2Qk ]\7[}
Itl k=1 k=n
< 2Me 2> Qp+2M § < co.
LA st
Since {q§} € JSS, where M is a positive constant.
Therefore, li_>m K, (C,t) = f(t) exists.
For proving (ii), consider
oo P .
By i 9k, —i c
) —Kn(Ct) = > (ljke kt+7kke ’“) - +1 [qn+1E (t) - q_(n+1)E'_n(t)}
k=n-+1
1
g [ () = 6 iy ELa(0)]

Apply Abel’s transformation, we have

S [A (‘Zv) (—iBL(1)) + A (q;k) (iE'k(t))] + n%Q (0542 B0(0) — 0 i B (1)

k=n+1

Again apply Abel’s transformation, we get

= i [A2 (‘Zj) E'L(t) — A (Z”fl) E’n(t)} - %H [quzEé( ) =€ (i EL, (t)}

k=n-+1
oo c q (n
+i| Y AQ(qk’“> A( “) _n(®)
k=n-+1

ro-macol < 3 [z (81w + |2 (T 1ol + o (£22) 18]

k=n+1
qc—(n-i-l) q7l+2 ’ q—(ﬂ+2) /
Al ———= E’_n E ——=|F t
oo (S| 1ol + o+ (522 o
> ¢ q° Tnt1 9 (nt1)
k2 A2 quc A2 1-k 2 A n+ A [ =)
< Aﬁ‘ kX:H H (k * k o n+1 * n+1
= 7 —n
a2l + 105 (ro)|
< M Z k:2 +2Z k2 b 1gC ol + 16y
> |t| n+2 (n+2)
k=n-+1 k=n-+1
<

M|, © c c
a2 Y Qut gl + 10 ()]
| l k=n+1
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. . [ dt
1£) = gn(C.DOllr - < Z Qk/|t| (|Qn+2‘+|q7(n+2)|>/m
0
< M, [4 Z leogk+(|q2+2|+|qi(n+2)|) logn].
k=n+1
Now, we note that
> Quloghk =o(1)
k=n+1
and
|45 1 = (n+2)1 L(nr) = (n+2)1 i INEEC)
At (n+2)llogn = (N ogn o | n ogn -
k=n+2
< o 5kl (%))
k=n-+42
< logn iszQ Lk +A M n2
B k n+2
Lk=n-+2
2 9y, 2 q:l:k
< logn Z k 3 Z k
Lk=n+2 k=n-+42
< logn |2 Y Q
L k=n+2
< 2 > Qiloghk=o(1).
k=n+2

Subsequently, we get
[|f(t) — K, (C,t)||rr = 0o(1) as n — oo.

To prove (iii),

[fn() = Sn(CHI] = [If(t) — Kn(C,t) + Kn(C,t) — Sn(C, 1)
< ]|f(t)—Kn(C ¢ \dt—}—/w\Kn C,t) — Sn(t)]dt
< / F(®) = Ku(C,0ldt + / | [P0 — 0 ey Ba0)] = o [142B00) — 0y B 0]
< /If(t) WGt + My [laS 1] 4107 gy + 125 12] + 105 o] /%
)
< / 1(0) — Kn(C,)ldt + Mae [Jg5 11+ 10 (1)) + a5 21 + 10 2] oClogm)

= o(l), n — co.

Thus the proof of the theorem is completed. O
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