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ON L1-CONVERGENCE OF MODIFIED COMPLEX

TRIGONOMETRIC SUMS WITH NEW GENERALIZED CLASSES

SANDEEP KAUR GILL, JATINDERDEEP KAUR, S.S. BHATIA

Abstract. In this paper, new classes of numerical sequences denoted by JSc
and JSc2 are defined which are the generalization of Krasniqi classes K and K2.

Also, complex form of modified cosine and sine sums which were introduced by
chouhan, Kaur and Bhatia [2] is obtained. Moreover, L1-convergence of com-

plex trigonometric series has been studied under the new generalized classes

of numerical sequences.

1. Introduction

Let {qck, k = 0,±1,±2, ...} be a numerical sequence of complex numbers and let

k=∞∑
k=−∞

qcke
ikt (1.1)

be the complex trigonometric series with its partial sums

Sn(C, t) =

k=n∑
k=−n

qcke
ikt ; n ∈ {0, 1, 2, ...}. (1.2)

L1-convergence of complex trigonometric series has been studied by various authors
such as Stanojević Č.V. and Stanojević V. B. [10], Sheng Shu Yun [9], Móricz F.
[8], Chen C.P. [1], Bhatia S.S. and Ram B. [3], Bhatia S.S., Kaur K. and Ram

B. [4], Tomovski Ź. ([11], [12]), Kaur J. and Bhatia S.S. [5], Krasniqi X.Z. ([6],
[7]) by defining new classes of coefficient sequences or by introducing modified
trigonometric complex sums. In 2010, Kaur J. and Bhatia S.S. [5] have introduced
complex trigonometric sums as

gn(C, t) = Sn(C, t) +
i

2 sin t

[
qcne

i(n+1)t − qc−ne
−i(n+1)t + qcn+1e

int − qc−(n+1)e
−int

+(qcn − qcn+2)En(t) + (qc−(n+2) − qc−n)E−n(t)

]
(1.3)

and studied its L1-convergence with class J∗ of coefficient sequences.

2010 Mathematics Subject Classification. 42A16, 42A20, 42A32, 42B05.
Key words and phrases. L1- convergence, modified complex trigonometric sums, Dirichlet

kernel.
c©2023 Universiteti i Prishtinës, Prishtinë, Kosovë.
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Definition 1.1. [5] A null sequence {qcn} of complex numbers belongs to the class
J∗ if there exists a sequence {Qk} such that

(i) Qk ↓ 0, as k →∞,

(ii)

∞∑
k=1

kQk <∞,

(iii)

∣∣∣∣∆(qck − qc−kk

)∣∣∣∣ ≤ Qk
k
, ∀ k.

Krasniqi X.Z. ([6],[7]) defined the new classes K and K2 of numerical sequence
of complex numbers as:

Definition 1.2. [6] A sequence {qck} of complex numbers belongs to class K if
lim
k→∞

qck = 0, and there exists a sequence {Qk} such that

(i) Qk ↓ 0, as k →∞,

(ii)

∞∑
k=1

kQk <∞,

(iii) max

{∣∣∣∣∆(qckk
)∣∣∣∣ , ∣∣∣∣∆(qc−kk

)∣∣∣∣} ≤ Qk
k
, k ∈ {1, 2, ...}.

Definition 1.3. [7] A sequence {qck} of complex numbers belongs to class K2 if
lim
k→∞

qck = 0, and there exists a sequence {Qk} such that

(i) Qk ↓ 0, as k →∞,

(ii)

∞∑
k=1

k2Qk <∞,

(iii) max

{∣∣∣∣∆2

(
qck
k

)∣∣∣∣ , ∣∣∣∣∆2

(
qc−k
k

)∣∣∣∣} ≤ Qk
k2
, k ∈ {1, 2, ...}.

and studied the L1-convergence of complex trigonometric sums (1.3).

Theorem 1.4. ([6], [7]) Let qck belongs to the class K(or K2). Then
(i) lim

n→∞
gn(C, t) = f(t) exists for |x| ∈ (0, π],

(ii) f ∈ L1(0, π] and ||gn(C, t)− f(t)||L1 → 0 as n→∞,
(iii) ||Sn(C, t)− f(t)||L1 → 0 as n→∞.

In 2019, Chouhan S.K., Kaur J and Bhatia S.S. [2] have introduced the modified
trigonometric cosine and sine sums as

fn(t) =

n∑
k=1

 qk+1

k + 1
+

n∑
j=k

∆2

(
qj
j

) k cos kt (1.4)

and

gn(t) =

n∑
k=1

 qk+1

k + 1
+

n∑
j=k

∆2

(
qj
j

) k sin kt (1.5)
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and studied their L1-convergence. The complex form of (1.4) and (1.5) is given by

Kn(C, t) = Sn(C, t) +
i

n+ 1

[
qcn+1E

′
n(t)− qc−(n+1)E

′
−n(t)

]
− i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]
. (1.6)

The new classes JSc and JSc2 of numerical sequences which are the generalization
of the classes K and K2 respectively are defined as follows:

Definition 1.5. A sequence {qck} of complex numbers belongs to the class JSc
if qck → 0 as k → ∞, and there exists a nonincreasing sequence {Qk} such that
∞∑
k=1

Qk log k <∞ and

max

{∣∣∣∣∆(qckk
)∣∣∣∣ , ∣∣∣∣∆(qc−kk

)∣∣∣∣} ≤ Qk
k
, k ∈ {1, 2, ...}.

Remark. If {qck} belongs to the class K then {qck} belongs to the class JSc. But
the converse need not be true.

Example 1.6. Let {qck} be a sequence whose general term is qck = 1
k , k ∈ {1, 2, 3, ..}.

Then
∣∣∣∆( qc±kk )∣∣∣ ≤ 2

k3 = Qk
k , Qk = 2

k2 ↓ 0, and
n∑
k=1

log k
k2 < ∞ which implies

qcn ∈ JS
c. But

n∑
k=1

1
k ≮∞ which means {qcn} does not belong to the class K.

This example shows {qcn} ∈ JS
c but it does not belong to the class K.

Definition 1.7. A sequence {qck} of complex numbers to class JSc2 if qck → 0 as

k →∞, and there exists a nonincreasing sequence {Qk} such that
∞∑
k=1

Qk log k <∞

and

max

{∣∣∣∣∆2

(
qck
k

)∣∣∣∣ , ∣∣∣∣∆2

(
qc−k
k

)∣∣∣∣} ≤ Qk
k2
, k ∈ {1, 2, ...}.

Remark. K2 ⊂ JSc2. But the converse need not hold.

Example 1.8. Let {qck} be a sequence whose general term is qck = 1
k , k ∈ {1, 2, 3, ..}.

Then
∣∣∣∆2

(
qc±k
k

)∣∣∣ ≤ 6
k4 = Qk

k2 , Qk = 6
k2 ↓ 0, and

n∑
k=1

log k
k2 <∞.

Hence {qcn} ∈ JS
c
2. But

n∑
k=1

1 ≮∞ which means {qcn} does not belongs to the class

K2.
This example shows {qcn} ∈ JS

c
2 but it does not belongs to the class K2.

The aim of this paper is to study the L1-convergence of trigonometric series
using complex modified trigonometric sums (1.6) under the new generalized classes
of coefficient sequences.

2. lemmas

The proof of the main result is based on the following lemmas out of which first
two are given by Sheng [9]

Lemma 2.1. [9] ||D′n(t)|| = 4
π (n log n) + o(n).
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Lemma 2.2. [9] ||D̃′n(t)|| = o(n log n).

Lemma 2.3. [3] Let r be a non-negative integer and 0 < ε < π. Then there exists
Mrε > 0 such that for all ε ≤ |x| ≤ π and all n ≥ 1,

(i) |E(r)
n (t)| ≤ Mrεn

r

|t| ,

(ii) |E(r)
−n(t)| ≤ Mrεn

r

|t| ,

(iii) |D(r)
n (t)| ≤ 2Mrεn

r

|t| ,

(iv) |D̃(r)
n (t)| ≤ Mrεn

r

|t| ,

where Dn(t) and D̃n(t) denotes the Dirichlet kernel and conjugate Dirichlet kernel

and En(t) =
n∑
k=0

eikt.

Lemma 2.4. [7]Let r be a non-negative integer and 0 < ε < π. Then there exists
Mrε > 0 such that for all ε ≤ |x| ≤ π and all n ≥ 1,

(i) |Ē′n(t)| ≤ Mrεn
2

|t| ,

(ii) |Ē′−n(t)| ≤ Mrεn
2

|t| ,

where Ēn(t) =
n∑
k=1

Ek(t).

3. main results

Theorem 3.1. Let {qck} belongs to JSc. Then

(i) lim
n→∞

Kn(C, t) = f(t) exists for all x ∈ (0, π],

(ii) f ∈ L1(0, π] and ||Kn(C, t)− f(t)||L1 = o(1) as n→∞,

(iii) ||Sn(C, t)− f(t)||L1 = o(1) as n→∞.

Proof. Firstly, we will show that f(t) exists in (0, π]. The complex form of the
modified sums is

Kn(C, t) = Sn(C, t) +
i

n+ 1

[
qcn+1E

′
n(t)− qc−(n+1)E

′
−n(t)

]
− i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]

= qc0 +

k=n∑
k=−n

qcke
ikt +

i

n+ 1

[
qcn+1E

′
n(t)− qc−(n+1)E

′
−n(t)

]
− i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]

= qc0 +

k=n∑
k=1

(
qck
k
keikt +

qc−k
k
ke−ikt

)
+

i

n+ 1

[
qcn+1E

′
n(t)− qc−(n+1)E

′
−n(t)

]
− i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]
.
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Apply Abel’s transformation, we get

Kn(C, t) = qc0 − i

[
n−1∑
k=1

∆

(
qck
k

)
E′k(t) +

qcn
n
E′n(t)

]
+ i

[
n−1∑
k=1

∆

(
qc−k
k

)
E′−k(t) +

qc−n
n
E′−n(t)

]

+
i

n+ 1

[
qcn+1E

′
n(t)− qc−(n+1)E

′
−n(t)

]
− i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]
= qc0 − i

n∑
k=1

∆

(
qck
k

)
E′k(t) + i

n∑
k=1

∆

(
qc−k
k

)
E′−k(t)− i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]

|Kn(C, t)| ≤ |qc0|+
n∑
k=1

[∣∣∣∣∆(qckk
)∣∣∣∣ |E′k(t)|+

∣∣∣∣∆(qc−kk
)∣∣∣∣ ∣∣E′−k(t)

∣∣]+

∣∣∣∣ qcn+2

n+ 2

∣∣∣∣ |E′n(t)|

+

∣∣∣∣qc−(n+2)

n+ 2

∣∣∣∣ ∣∣E′−n(t)
∣∣ .

Using Lemma 2.3, we have

|Kn(C, t)| ≤ |qc0|+
Mrε

|t|

{
n∑
k=1

k

[∣∣∣∣∆(qckk
)∣∣∣∣+

∣∣∣∣∆(qc−kk
)∣∣∣∣]+ |qcn+2|+ |qc−(n+2)|

}

≤ |qc0|+
2Mrε

|t|

{ ∞∑
k=1

Qk + 2M̄

}
<∞,

where M̄ is a positive absolute constant.
Since {qck} ∈ JS

c. Therefore, lim
n→∞

Kn(C, t) = f(t) exists.

For proving (ii), consider

f(t)−Kn(C, t) =

∞∑
k=n+1

(
qck
k
keikt +

qc−k
k
ke−ikt

)
− i

n+ 1

[
qcn+1E

′
n(t)− qc−(n+1)E

′
−n(t)

]
+

i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]
.

Apply Abel’s transformation, we have

f(t)−Kn(C, t) =

∞∑
k=n+1

[
∆

(
qck
k

)
(−iE′k(t)) + ∆

(
qc−k
k

)
(iE′−k(t))

]
+

i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]
|f(t)−Kn(C, t)| ≤

∞∑
k=n+1

[∣∣∣∣∆(qckk
)∣∣∣∣ |E′k(t)|+

∣∣∣∣∆(qc−kk
)∣∣∣∣ ∣∣E′−k(t)

∣∣]+

∣∣∣∣ qcn+2

n+ 2

∣∣∣∣ |E′n(t)|

+

∣∣∣∣qc−(n+2)

n+ 2

∣∣∣∣ ∣∣E′−n(t)
∣∣

≤ Mrε

|t|

{ ∞∑
k=n+1

k

[∣∣∣∣∆(qckk
)∣∣∣∣+

∣∣∣∣∆(qc−kk
)∣∣∣∣]+

n

n+ 2
|qcn+2|+

n

n+ 2
|qc−(n+2)|

}

≤ Mrε

|t|

[ ∞∑
k=n+1

k
Qk
k

+

∞∑
k=n+1

k
Qk
k

+ |qcn+2|+ |qc−(n+2)|

]
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|f(t)−Kn(C, t)| ≤ Mrε

|t|

[
2

∞∑
k=n+1

Qk + |qcn+2|+ |qc−(n+2)|

]

||f(t)−Kn(C, t)||L1 ≤ Mrε

2

∞∑
k=n+1

Qk

π∫
0

dt

|t|
+
(
|qcn+2|+ |qc−(n+2)|

) π∫
0

dt

|t|


≤ Mrε

[
2

∞∑
k=n+1

Qk log k +
(
|qcn+2|+ |qc−(n+2)|

)
log n

]
.

Now, we note that
∞∑

k=n+1

Qk log k = o(1)

and

|qc±(n+2)| log n = (n+ 2) log n

∣∣∣∣qc±(n+2)

n+ 2

∣∣∣∣ = (n+ 2) log n

∞∑
k=n+2

∣∣∣∣∆(qc±kk
)∣∣∣∣

≤
∞∑

k=n+2

k log k

∣∣∣∣∆(qc±kk
)∣∣∣∣

≤
∞∑

k=n+2

Qk log k = o(1).

Subsequently, we get

||f(t)−Kn(C, t)||L1 = o(1) as n→∞.
To prove (iii),

||fn(t)− Sn(C, t)|| = ||f(t)−Kn(C, t) +Kn(C, t)− Sn(C, t)||

≤
π∫

0

|f(t)−Kn(C, t)|dt +

π∫
0

|Kn(C, t)− Sn(t)|dt

≤
π∫

0

|f(t)−Kn(C, t)|dt +

π∫
0

∣∣∣∣ i

n + 1

[
qcn+1E

′
n(t)− qc−(n+1)E

′
−n(t)

]
−

i

n + 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]∣∣∣∣ dt
≤

π∫
0

|f(t)−Kn(C, t)|dt + Mrε

[
|qcn+1|+ |qc−(n+1)|+ |q

c
n+2|+ |qc−(n+2)|

] π∫
0

dt

|t|

≤
π∫

0

|f(t)−Kn(C, t)|dt + Mrε

[
|qcn+1|+ |qc−(n+1)|+ |q

c
n+2|+ |qc−(n+2)|

]
o(logn)

= o(1) , n→∞.

This completes the proof of Theorem 3.1. �

The second main result of this paper is to study the L1-convergence of modified
complex form (1.6) under new class JSc2 of numerical sequences is as follows:

Theorem 3.2. Let {qck} belongs to JSc2. Then

(i) lim
n→∞

Kn(C, t) = f(t) exists for all x ∈ (0, π],
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(ii) f ∈ L1(0, π] and ||Kn(C, t)− f(t)||L1 = o(1) as n→∞,

(iii) ||Sn(C, t)− f(t)||L1 = o(1) as n→∞.

Proof. Firstly, we will show that f(t) exists in (0, π]. The complex form of the
modified sums is

Kn(C, t) = Sn(C, t) +
i

n+ 1

[
qcn+1E

′
n(t)− qc−(n+1)E

′
−n(t)

]
− i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]
= qc0 +

k=n∑
k=−n

qcke
ikt +

i

n+ 1

[
qcn+1E

′
n(t)− qc−(n+1)E

′
−n(t)

]
− i

n+ 2

[
qcn+2E

′
n(t)

−qc−(n+2)E
′
−n(t)

]
= qc0 +

k=n∑
k=1

(
qck
k
keikt +

qc−k
k
ke−ikt

)
+

i

n+ 1

[
qcn+1E

′
n(t)− qc−(n+1)E

′
−n(t)

]
− i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]
.

Apply Abel’s transformation, we get

Kn(C, t) = qc0 − i

[
n−1∑
k=1

∆

(
qck
k

)
E′k(t) +

qcn
n
E′n(t)

]
+ i

[
n−1∑
k=1

∆

(
qck
k

)
E′−k(t) +

qc−n
n
E′−n(t)

]

+
i

n+ 1

[
qcn+1E

′
n(t)− qc−(n+1)E

′
−n(t)

]
− i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]
= qc0 − i

n∑
k=1

∆

(
qck
k

)
E′k(t) + i

n∑
k=1

∆

(
qc−k
k

)
E′−k(t)− i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]
.

Again apply Abel’s transformation, we obtain

Kn(C, t) = qc0 − i

[
n−1∑
k=1

∆2

(
qck
k

)
Ē′k(t) + ∆

(
qcn
n

)
Ē′n(t)

]
+ i

[
n−1∑
k=1

∆2

(
qc−k
k

)
Ē′−k(t)

+∆

(
qc−n
n

)
Ē′−n(t)

]
− i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]
|Kn(C, t)| ≤ |qc0|+

n−1∑
k=1

[∣∣∣∣∆2

(
qck
k

)∣∣∣∣ ∣∣Ē′k(t)
∣∣+

∣∣∣∣∆2

(
qc−k
k

)∣∣∣∣ ∣∣Ē′−k(t)
∣∣]+

[∣∣∣∣∆(qcnn
)∣∣∣∣ ∣∣Ē′n(t)

∣∣
+

∣∣∣∣∆(qc−nn
)∣∣∣∣ ∣∣Ē′−n(t)

∣∣]+

∣∣∣∣ qcn+2

n+ 2

∣∣∣∣ |E′n(t)|+
∣∣∣∣qc−(n+2)

n+ 2

∣∣∣∣ ∣∣E′−n(t)
∣∣ .
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Using Lemma 2.3 and 2.4, we have

≤ |qc0|+
Mrε

|t|

{
n−1∑
k=1

k2
[∣∣∣∣∆2

(
qck
k

)∣∣∣∣+

∣∣∣∣∆2

(
qc−k
k

)∣∣∣∣]+ n2

[∣∣∣∣∆( qcn
n

)∣∣∣∣+

∣∣∣∣∆( qc−n
n

)∣∣∣∣]+ |qcn+2|+ |qc−(n+2)|
}

≤ |qc0|+
Mrε

|t|

{
n−1∑
k=1

k2
[∣∣∣∣∆2

(
qck
k

)∣∣∣∣+

∣∣∣∣∆2

(
qc−k
k

)∣∣∣∣]+
∞∑
k=n

k2
[∣∣∣∣∆2

(
qck
k

)∣∣∣∣+

∣∣∣∣∆2

(
qc−k
k

)∣∣∣∣]+ |qcn+2|+ |qc−(n+2)|
}

≤ |qc0|+
2Mrε

|t|

{
n−1∑
k=1

k2
Qk

k2
+
∞∑
k=n

k2
Qk

k2
+ 2M̄

}

≤ |qc0|+
2Mrε

|t|

{
2

∞∑
k=1

Qk + 2M̄

}
<∞.

Since {qck} ∈ JS
c
2, where M̄ is a positive constant.

Therefore, lim
n→∞

Kn(C, t) = f(t) exists.

For proving (ii), consider

f(t)−Kn(C, t) =

∞∑
k=n+1

(
qck
k
keikt +

qc−k
k
ke−ikt

)
− i

n+ 1

[
qcn+1E

′
n(t)− qc−(n+1)E

′
−n(t)

]
+

i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]
.

Apply Abel’s transformation, we have

=

∞∑
k=n+1

[
∆

(
qck
k

)
(−iE′k(t)) + ∆

(
qc−k
k

)
(iE′−k(t))

]
+

i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]
.

Again apply Abel’s transformation, we get

= −i
∞∑

k=n+1

[
∆2

(
qck
k

)
Ē′k(t)−∆

(
qcn+1

n+ 1

)
Ē′n(t)

]
+

i

n+ 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]
+i

[ ∞∑
k=n+1

∆2

(
qc−k
k

)
Ē′−k(t)−∆

(
qc−(n+1)

n+ 1

)
Ē′−n(t)

]

|f(t)−Kn(C, t)| ≤
∞∑

k=n+1

[∣∣∣∣∆2

(
qck
k

)∣∣∣∣ ∣∣Ē′k(t)
∣∣+

∣∣∣∣∆2

(
qc−k
k

)∣∣∣∣ ∣∣Ē′−k(t)
∣∣]+

∣∣∣∣∆( qcn+1

n+ 1

)∣∣∣∣ ∣∣Ē′n(t)
∣∣

+

∣∣∣∣∆(qc−(n+1)

n+ 1

)∣∣∣∣ ∣∣Ē′−n(t)
∣∣+

∣∣∣∣ qcn+2

n+ 2

∣∣∣∣ |E′n(t)|+
∣∣∣∣qc−(n+2)

n+ 2

∣∣∣∣ ∣∣E′−n(t)
∣∣

≤ Mrε

|t|


∞∑

k=n+1

k2
[∣∣∣∣∆2

(
qck
k

)∣∣∣∣+

∣∣∣∣∆2

(
qc−k
k

)∣∣∣∣]+ n2
[∣∣∣∣∆( qcn+1

n+ 1

)∣∣∣∣+

∣∣∣∣∆(qc−(n+1)

n+ 1

)∣∣∣∣]
+|qcn+2|+ |qc−(n+2)|


≤ Mrε

|t|

[
2

∞∑
k=n+1

k2
Qk
k2

+ 2

∞∑
k=n+1

k2
Qk
k2

+ |qcn+2|+ |qc−(n+2)|

]

≤ Mrε

|t|

[
4

∞∑
k=n+1

Qk + |qcn+2|+ |qc−(n+2)|

]
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||f(t)− gn(C, t)||L1 ≤ Mrε

4

∞∑
k=n+1

Qk

π∫
0

dt

|t|
+
(
|qcn+2|+ |qc−(n+2)|

) π∫
0

dt

|t|


≤ Mrε

[
4

∞∑
k=n+1

Qk log k +
(
|qcn+2|+ |qc−(n+2)|

)
log n

]
.

Now, we note that
∞∑

k=n+1

Qk log k = o(1)

and

|qc±(n+2)| log n = (n+ 2) log n

∣∣∣∣qc±(n+2)

n+ 2

∣∣∣∣ = (n+ 2) log n

∞∑
k=n+2

∣∣∣∣∆(qc±(k)k

)∣∣∣∣
≤ log n

∞∑
k=n+2

k

∣∣∣∣∆(qc±kk
)∣∣∣∣

≤ log n

[ ∞∑
k=n+2

k2
∣∣∣∣∆2

(
qc±k
k

)∣∣∣∣+ ∆

(
qc±(n+2)

n+ 2

)
n2

]

≤ log n

[ ∞∑
k=n+2

k2
∣∣∣∣∆2

(
qc±k
k

)∣∣∣∣+

∞∑
k=n+2

k2
∣∣∣∣∆2

(
qc±k
k

)∣∣∣∣
]

≤ log n

[
2

∞∑
k=n+2

Qk

]

≤ 2

∞∑
k=n+2

Qk log k = o(1).

Subsequently, we get

||f(t)−Kn(C, t)||L1 = o(1) as n→∞.

To prove (iii),

||fn(t)− Sn(C, t)|| = ||f(t)−Kn(C, t) +Kn(C, t)− Sn(C, t)||

≤
π∫

0

|f(t)−Kn(C, t)|dt +

π∫
0

|Kn(C, t)− Sn(t)|dt

≤
π∫

0

|f(t)−Kn(C, t)|dt +

π∫
0

∣∣∣∣ i

n + 1

[
qcn+1E

′
n(t)− qc−(n+1)E

′
−n(t)

]
−

i

n + 2

[
qcn+2E

′
n(t)− qc−(n+2)E

′
−n(t)

]∣∣∣∣ dt
≤

π∫
0

|f(t)−Kn(C, t)|dt + Mrε

[
|qcn+1|+ |qc−(n+1)|+ |q

c
n+2|+ |qc−(n+2)|

] π∫
0

dt

|t|

≤
π∫

0

|f(t)−Kn(C, t)|dt + Mrε

[
|qcn+1|+ |qc−(n+1)|+ |q

c
n+2|+ |qc−(n+2)|

]
o(logn)

= o(1) , n→∞.

Thus the proof of the theorem is completed. �
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